MMP FOR MODULI OF SHEAVES ON K3S VIA WALL-CROSSING: 
NEF AND MOVABLE CONES, LAGRANGIAN FIBRATIONS 

AREND BAYER AND EMANUELE MACRI 

ABSTRACT. We use wall-crossing with respect to Bridgeland stability conditions to systematically 
study the birational geometry of a moduli space M of stable sheaves on a K3 surface X: 

(a) We describe the nef cone, the movable cone, and the effective cone of M in terms of the 
Mukai lattice of X. 

(b) We establish a long-standing conjecture that predicts the existence of a birational Lagrangian 
fibration on M whenever M admits an integral divisor class D of square zero (with respect 
to the Beauville-Bogomolov form). 

These results are proved using a natural map from the space of Bridgeland stability conditions 
Stab(X) to the cone Mov(X) of movable divisors on M; this map relates wall-crossing in Stab(X) 
to birational transformations of M. In particular, every minimal model of M appears as a moduli 
space of Bridgeland-stable objects on X. 
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1. Introduction 

By our previous work [BM12], a moduli space of Bridgeland stable objects comes equipped 
with a numerically positive determinant line bundle, depending only on the stability condition. 
This provides a direct link between wall-crossing for stability conditions and birational transfor- 
mations of the moduli space. In the present paper, we exploit this link to systematically study the 
most important birational properties of a moduli space M of stable sheaves (or Bridgeland stable 
complexes) on a K3 surface via wall-crossing. 

The motivation for our work comes from several directions: 

• Given the recent success [BCHM10] of the minimal model program (MMP), there has 
been a lot of interest to relate the MMP for moduli spaces to the underlying moduli prob- 
lem; we refer [FS 10] for a survey of the case of the moduli space M g n of stable curves, 
which is known as the Hassett-Keel program. Ideally, one would like a moduli interpreta- 
tion for every chamber of the base locus decomposition of the movable or effective cone; 
in our situation, we will show that this moduli interpretation comes naturally as a moduli 
of Bridgeland stable objects. 

• In light of Verbitsky 's recent proof in [Ver09] of a global Torelli statement for hyperkahler 
manifolds it has become particularly interesting to understand their nef cones: two hy- 
perkahler varieties X\ , X2 are isomorphic if and only if there exists and isomorphism of 
integral Hodge structures H 2 {X\) — > H 2 {X2), that is induced by parallel transport in a 
family, and that maps the nef cone of X\ to the nef cone of X2 (see [Huyl 1, MaiTl]). 

• According to a long-standing conjecture, the existence of a (birational) Lagrangian torus 
firation M — > Y can be detected by an integral divisor class D 6 NS(M) that has square 
zero with respect to the Beauville-Bogomolov pairing. Birationality of wall-crossing 
allows us to prove this conjecture by reducing it to the well-known case of a moduli 
space of torsion sheaves, first studied by Beauville in [Bea91]. 

Birationality of wall-crossing and the map to the movable cone. Consider a projective K3 
surface X, and a primitive algebraic class v in the Mukai lattice, whose self-intersection with 
respect to the Mukai pairing satisfies v 2 > 0. Let a, r be two stablity conditions 1 on X, and 
assume that they are generic with respect to v. By [BM12, Theorem 1.3], the moduli spaces 
M CT (v) and M T (v) of stable objects £ G D b (X) with Mukai vector v(£) = v exist as a smooth 
projective variety. Choosing a path from a to r in Stab(X) relates them by a series of wall- 
crossings. Our first result, based on a detailed analysis of the possible wall-crossings, is the 
following: 

Theorem 1.1. Let a, r be generic stability conditions with respect to v. 

(a) The two moduli spaces M CT (v) and M T (v) of Bridgeland- stable objects are birational to 
each other. 

(b) More precisely, there is a birational map induced by a derived (anti-)autoequivalence 

ofD b (X) in the following sense: there exists a common open subset U C M CT (v), 
U C M T {y), with complements of codimension at least two, such that for any u £ U, the 
corresponding objects £ u £ M CT (v) and T u G M T (y) are related via T u = $>(£ u ). 

As a consequence, we can canonically identify the Neron-Severi groups of Af CT (v) and M T (v). 



Throughout this introduction we will tacitly assume that all stability conditions on X are contained in the compo- 
nent of the space of stability conditions constructed by Bridgeland in [Bri08]. 
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Now consider the chamber decomposition of the space Stab(X) of stability conditions with 
respect to v: for each open chamber C C Stab(X), there is a moduli space Mc(v) of c-stable 
object of class v for every a G C. The main result of [BM12] gives a natural map 

(1) i c : C->NS(M c (v)) 

to the Neron-Severi group of the moduli space, whose image is contained in the ample cone of 
M c (v). 

Theorem 1.2. Fix a base point a G Stab(X). 

(a) Under the identification of the Neron-Severi groups induced by the birational maps of 
Theorem 1.1, the maps £q of (1) glue to a piece-wise analytic continuous map 

(2) £: Stab(X) NS (M CT (v)) . 

(b) The image of I is the intersection of the movable cone with the big cone ofM a (y). 

(c) The map £ is compatible, in the sense that for any generic a' € Stab(X), the moduli 
space M a i (v) is the birational model corresponding to £(o~'). In particular, every smooth 
K -trivial birational model of M CT (v) appears as a moduli space Mc(v) of Bridgeland 
stable objects for some chamber C C Stab(X). 

(d) For a chamber C C Stab(X), we have £(C) = Amp (Mc(v)). 

In other words, we can run the MMP of the moduli space via wall-crossing for Bridgeland 
stability conditions. Divisorial contractions appear as coarse moduli spaces for stability conditions 
on a wall. 

The image £{t) of a stability condition r is determined by its central charge; see Theorem 10.2 
for a precise statement. 

In Theorem 5.7, we describe the correspondence between walls in the space of stability condi- 
tions and birational modifications of the moduli space M a (v). For each wall W C Stab(X), there 
is a rank two sublattice Hyy of the Mukai lattice that gets mapped to a line via the central charge 
Z, for every stability r = (Z, V) G W; Theorem 5.7 determines the wall-crossing behavior of the 
wall W completely in terms of %yy. 

The proof of Theorem 5.7 takes up Sections 5 to 9, and can be considered the heart of this paper. 
Our main technique is a detailed analysis of the possible configurations in Tiw of Mukai vectors 
appearing the Jordan-Holder nitrations of strictly semistable objects, and Harder-Narasimhan fil- 
tration in families; the latter allows us to compare the contraction morphism induced by the nef 
line bundle £(o~o) f° r a stability condition <ro on a wall with rational maps induced by the Harder- 
Narasimhan nitrations in families. 

We can state the following consequence of Verbitsky's Torelli Theorem for hyperkahler man- 
ifolds, Mukai-Orlov's Derived Torelli Theorem for K3 surfaces, and Theorem 1.1. It completes 
Mukai 's program, started in [Muk81, Muk87b], to understand birational maps between moduli 
spaces of sheaves via Fourier-Mukai transforms: 

Corollary 1.3. Let X and X' be smooth projective K3 surfaces. Let v G H* lg (X, Z) and v' G 
H* lg (X' , Z) be primitive Mukai vectors. Let H (resp., H') be a generic polarization with respect 
to v (resp., v'J. Then Mh(v) is birational to Mjji{y') if and only if there exists a derived (anti- 
)equivalence <3?: D b (X) ^> D fe (X') with «$(v) = v'. In this case, we can choose such that it 
maps a generic object E G M#(v) to an object <$>(E) G Mjjiiy 1 ). 

By [Tod08], stability is an open property in families; therefore such an equivalence <E> induces 
a birational map Mh'W) — » Mff(v). We will prove the Corollary at the end of Section 10. 
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Cones of curves and divisors. As an application, we can use Theorems 1.2 and 5.7 to determine 
the cones of effective, movable, and nef divisors (and thus dually the Mori cone of curves) of any 
moduli space of Gieseker-stable sheaves completely in terms of the algebraic Mukai lattice of X; 
as an example we will state here our description of the nef cone: 

Assume that H is a polarization that is generic with respect to v, and let M#(v) be the 
Gieseker-moduli space of stable sheaves with Mukai vector v. By [YosOl], the construction of 
determinant line bundles gives an isomorhpism : v L — > NS(Mff(v)), where v 1 - denotes the or- 
thogonal complement of v inside the algebrai Mukai lattice (X, Z), and NS the Neron-Severi 

group of the moduli space; it identifies the Mukai pairing ( , ) in H* lg (X, Z) with the Beauville- 

Bogomolov pairing on NS(M#(v)). Let Pos(M# (v)) denote the cone of strictly positive classes 
D with respect to the Beauville-Bogomolov pairing, satisfying (D, D) > and (A, D) > for 
a fixed ample class A G NS(M# (v)). We let Pos(M#(v)) denote its closure, and call it the 
positive cone. 

Theorem 12.1. Consider the chamber decomposition of the closed positive cone Pos(M#(v)) 
whose walls are given by linear subspaces of the form 

fl^na 1 ), 

for all a 6 H* lg (X, Z) satisfying a 2 > —2 and < (v, a) < Then the nef cone ofMu(v) is 
one of the chambers of this chamber decomposition. 

In other words, given an ample class A € NS(M# (v)), a class D £ Pos(M#(v)) is nef if and 
only if (D, 0(a)) > Ofor all classes a as above that also satisfy (A, 0(a)) > 0. 

We refer to Section 12 for similar statements for the movable and effective cone. Note that 
the intersection of the movable cone with the positive cone has been determined in general by 
Markman in [Marll, Lemma 6.22] for any hyperkahler variety; the pseudo-effective can also 
easily be deduced from Markman's results. In these cases, our method gives an alternative wall- 
crossing proof; the new result is the description of the boundary, due to the proof of the Lagrangian 
conjecture discussed below. 

However, there was no known description of the nef cone except for specific examples, even in 
the case of the Hilbert scheme of points. A general conjecture by Hassett and Tschinkel, [HT10, 
Thesis 1.1], suggested that the nef cone (or better, its dual, the Mori cone) of a hyperkahler variety 
M depends only on the lattice of algebraic cycles in i^CM, Z). In small dimension, their con- 
jecture has been verified in [HT01, HT09, HT10, HHT12, BJ11]. The original conjecture turned 
out to be incorrect, already for Hilbert schemes (see [BM12, Remark 9.4] and [CK12, Remark 
8.10]). However, Theorem 12.1 is in fact very closely related to the Hassett-Tschinkel Conjecture: 
we will explain this precisely in Section 12, in particular Proposition 12.6 and Remark 12.7. In 
Section 13, we give many explicit examples of nef cone and movable cones. 

Existence of Lagrangian fibrations. The geometry of a hyperkahler variety M is particularly 
rigid. For example, Matsushita proved in [MatOl] that any map f:M—*Y with connected fibers 
and dim(y) < dim(M) is a Lagrangian fibration; further, Hwang proved in [Hwa08] that if Y is 
smooth, it must be isomorphic to projective space. 

It then becomes a natural question to ask when such a fibration exists, or when it exists bi- 
rationally. According to a long-standing conjecture, this can be detected purely in terms of the 
quadratic Beauville-Bogomolov form on the Neron-Severi group of M: 

Conjecture 1.4 (Tyurin-Bogomolov-Hassett-Tschinkel-Huybrechts-Sawon). Let M be a compact 
hyperkahler manifold of dimension 2m, and let q denote its Beauville-Bogomolov form. 
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(a) There exists an integral divisor class D with q(D) = if and only if there exists a 
birational hyperkahler manifold M' admitting a Lagrangian fibration. 

(h) If in addition, M admits a nef integral divisor class D with q(D) = 0, then there exists 
a Lagrangian fibration f: M — > P m induced by the complete linear system of a multiple 
ofD. 

In the literature, it was first suggested by Hassett-Tschinkel in [HT01] for symplectic fourfolds, 
and, independently, by Huybrechts [GHJ03] and Sawon [Saw03] in general; see [VerlO] for more 
remarks on the history of the Conjecture. 

Based on the birationality of wall-crossing, we can prove this conjecture for moduli spaces of 
sheaves on a K3 surface: 

Theorem 1.5. Let X be a smooth projective K3 surface. Let v 6 H* ls (X, Z) be a primitive Mukai 
vector with v 2 > and let H be a generic polarization with respect to v. Then Conjecture 1.4 
holds for the moduli space M#(v) of H-Gieseker-stable sheaves. 

The basic idea of our proof is the following: as we recalled above, the Neron-Severi group of 
M#(v), along with its Beauville-Bogomolov form, is isomorphic to the orthogonal complement 
C H2i g (X, Z) of v in the algebraic Mukai lattice of X, along with the restriction of the Mukai 
pairing. The existence of an integral divisor D = c\{L) with q(D) = is thus equivalent to the 
existence of an isotropic class w G v- 1 : a class with (w, w) = and (v, w) = 0. The moduli 
space Y = M#(w) is a smooth K3 surface, and the associated Fourier-Mukai transform <I> sends 
sheaves of class v on X to complexes of rank on Y. While these complexes on Y are typically 
not sheaves — not even for a generic object in Mh (v) — , we can arrange them to be Bridgeland- 
stable complexes with respect to a Bridgeland-stability condition r on D b (Y). We then deform r 
along a path with endpoint t', such that r'-stable complexes of class <&*(w) are Gieseker-stable 
sheaves, necessarily of rank zero. In other words, the Bridg eland-moduli space M r /(<i>*(v)) is a 
moduli space of sheaves T with support \T\ on a curve of fixed degree. As is well-known, the 
map J- I—?- defines a map from M r / (<!>*( v)) to the linear system of the associated curve, and 
this map is a Lagrangian fibration. On the other hand, birationality of wall-crossing shows that 
M T ($*(v)) = Mh(v) is birational to M r /($*(v)). 

The idea to use a Fourier-Mukai transform to prove Conjecture 1.4 was used previously by 
Markushevich [Mar06] and Sawon [Saw07] for specific family of examples of Hilbert schemes 
on K3 surfaces of Picard rank one; their assumptions implied that the Fourier-Mukai transform of 
a generic ideal sheaf is a stable torsion sheaf. Birationality of wall-crossing makes such a claim 
unnecessary. 

Remark 1.6. By [MM12], Hilbert schemes of n points on projective K3 surfaces are Zariski- 
dense in the moduli space of hyperkahler varieties of iiT3^-type. 

Conjecture 1.4 has been proved independently by Markman [Mar 13] for a general hyperkahler 
variety M of .^3^ -type, under the assumption that the two dimensional subspace H 2 '°(M) © 
H 0,2 (M) of H 2 (M, C) does not contain any integral class. These varieties are dense in the moduli 
space with respect to the analytic topology. His proof is completely different from ours, based on 
Verbitski's Torelli Theorem, and a way to associate a K3 surface (purely lattice theoretically) to 
certain hyperkahler manifolds with a square-zero divisor class. 

A related result has recently been announced by Matsushita [Mat 12b]. 

Remark 1.7. Theorems 12.1 and 1.5 hold for every moduli space M CT (v) of Bridgeland-stable 
object, for v primitive and a generic. Similarly, all main results hold for twisted K3 surfaces. 
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Further applications. We conclude the paper with two additional concrete applications of our 
methods. In Section 14, we explain how to deduce basic properties of the geometry of flopping 
contractions; in particular, we give examples where the contracted locus has either arbitrarily many 
connected components, or arbitrarily many irreducible components all intersecting in one point. 
In Section 15 we apply Theorem 1.5 to study Le Potier's Strange Duality (in the case where one 
of the two classes involved has square zero). 

Relation to previous work on wall-crossing. Various authors have previously studied examples 
of the relation between wall-crossing and the birational geometry of the moduli space induced 
by the chamber decomposition of its cone of movable divisors: the first examples (for moduli of 
torsion sheaves on if-trivial surfaces) were studied in [AB13], and moduli on abelian surfaces 
were considered (in varying generality) in [MM11, Macl2, MYYlla, MYYllb, YY12, Yosl2]. 

Several of our results have analogues for abelian surfaces that have been obtained previously 
by Yoshioka, or by Minamide, Yanagida and Yoshioka: the birationality of wall-crossing has been 
estabslished in [MYYlla, Theorem 4.3.1]; the ample cone of the moduli spaces is described in 
[MYYllb, Section 4.3]; statements related to Theorem 1.2 can be found in [Yosl2]; the analogue 
of Corollary 1.3 is contained in [Yos09, Theorem 0.1]; and Conjecture 1.4 is proved in [Yos09, 
Proposition 3.4 and Corollary 3.5] with the same basic approach. 

The crucial difference between abelian surfaces and K3 surfaces is the existence spherical ob- 
jects on the latter. They are responsible for the existence of totally semistable walls (walls for 
which there are no strictly stable objects) that are harder to control; in particular, these can cor- 
respond to any possible type of birational transformation (isomorphism, divisorial contraction, 
flop). The spherical classes are the main reason our wall-crossing analysis in Sections 5 — 9 is 
fairly involved. 

A somewhat different behavior was established in [ABCH13] in many cases for the Hilbert 
scheme of points on P 2 (extended to torsion-free sheaves in [Huil2, BMW13], and to Hirzebruch 
surfaces in [BC12]): the authors show that the chamber decomposition in the space of stability 
conditions corresponds to the base locus decomposition of the effective cone. In particular, while 
the map lc of equation (1) exists similarly in their situation, it will behave differently across walls 
corresponding to a divisorial contraction: in our case, the map "bounces back" into the ample 
cone, while in their case, it will extend across the wall. 
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Notation and Convention. For an abelian group G and a field k(= Q, R, C), we denote by Gk 
the £>vector space G k. 
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Throughout the paper, X will be a smooth projective K3 surface over the complex numbers. 
For a (locally-Noetherian) scheme (or algebraic space) S, we will use the notation D b (S) for its 
bounded derived category of coherent sheaves, and D qc (S) for the unbounded derived category of 
quasi-coherent sheaves. 

We will abuse notation and denote all derived functors as if they were underived. We denote by 
ps and px the two projections from S x X to S and X, respectively. Given £ £ D qc (S x X), we 
denote the Fourier-Mukai functor associated to £ by 

Given E,F £ T> b (X), we denote the Euler characteristic by 

X(E,F) = J2(-1) P ^(E,F). 

v 

We denote by NS(X) the Neron-Severi group of X. The space of full numerical stability 
conditions on D b (X) will be denoted by Stab(X). 

The skyscraper sheaf at a point x £ X is denoted by k(x). For a complex number z £ C, we 
denote its real and imaginary part by ffiz and Ssz, respectively. 

For a K3 surface X, we denote the Mukai vector of an object E £ D 6 (X) by v(E). We will 
often write it as v(,E) = (r, c, s), where r is the rank of E, c £ NS(X) and s the degree of v(E). 

An object with Hom(E', E) = C will be called a Schur object. By simple object in an abelian 
category we will denote an object that has no non-trivial subojects. An object with Exi 1 (E, E) = 
will be called rigid. A rigid Schur object will be called spherical. 

For a spherical object S we denote the spherical twist at S by STg( ), defined in [ST01] by 

the exact triangle, for all E £ D b (X), 

Horn* (S, E)®S ^E -»• ST S (E). 

We will write stable (in italics) whenever we are considering strictly stable objects in a context 
where there exist strictly semistable objects: for a non-generic stability condition, or objects with 
non-primitive Mukai vector. 

2. Review: derived categories of K3 surfaces, Bridgeland stability 

CONDITIONS, MODULI SPACES, PROJECTIVITY 

In this section, we give a review of stability conditions K3 surfaces, and their moduli spaces of 
stable complexes. The main references are [Bri07, Bri08, Tod08, YosOl, BM12]. 

Bridgeland stability conditions. Let V be a triangulated category. 

Definition 2.1. A slicing V of the category V is a collection of full extension-closed subcategories 
V((p) for <fi £ K with the following properties: 

(a) 7>0 + l)=W)[l]. 

(b) If 0i > 4> 2 , then Hom(7 7 (</>i),7 7 (02)) = 0. 

(c) For any E £ V, there exists a collection of real numbers (f>\ > (p2 > ■ ■ ■ > 4> n an d a 
sequence of triangles 

(3) = Eq 9- Ei *- E% —s- • • • E n -\ 9- E n = E 




with At €V(<Ih)- 
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The collection of exact triangles in (3) is called the Harder-Narasimhan filtration of E. Each 
subcategory V(4>) is extension-closed and abelian. Its nonzero objects are called semistable of 
phase <fi, and its simple objects are called stable. 

We will write <p m i n (E) := <j) n and <fi max (E) := <j)\. By V((f> — 1, 4>] we denote the full sub- 
category of objects with <p m i n (E) > 4> — 1 and <j) max (E) < (j). This is the heart of a bounded 
t-structure (V-° ,V-°) given by 

P<° = V(> 0-1) = {E G V : </> min > - 1} and = V(< </>) = {E G 2? : </» max < 0} 

The associated truncation functors will be denoted by 

t >c ^:V ^V(>(/>) and t<^. V ^ V{< <t>) 

Definition 2.2. A Bridgeland stability condition on D is a triple (A, Z, V), where 

• A is a lattice of finite rank together with a suijective map v : K(T>) -» A, 

• Z : A — > C is a group homomoiphism, 

• V is a slicing of Z, 
satisfying the following compatibilities: 

(a) ±&rgZ(E) = (j), for all non-zero E G V{4>); 

(b) given a norm ||_|| on Ar, there exists a constant C > such that 

\z(e)\>c\\v(e)\\, 

for all E eV. 

A stability condition is called algebraic if Im(Z) C Q © QV— 1. 

We let StabA(^) the set of stability conditions with fixed lattice A. The main theorem in 
[Bri07, KS08] shows that it is a complex manifold of dimension given by the rank of A. 

Remark 2.3. By [Bri07, Lemma 8.2], we have a left action on StabA(£>) by the autoequivalence 
group Aut(X>), and a right action by GL^R), the universal cover of the matrices in GL^M) with 
positive determinant. The first action is defined, for $ G Aut(P), by $(Z, V) = (Zoc/)~ 1 ,^(V)), 
where 4>* is the automorphism induced by <E> at the level of Grothendieck groups. The second one 
is the lift of the action of GL 2 (M) on Rom(K(V), C) (by identifying C ^ R 2 ). 

The algebraic Mukai lattice. We let A be a smooth projective K3 surface. 

Definition 2.4. Let H* alg (X, Z) := H°(X, Z) © NS(A) © H 4 (X, Z). 

(a) We denote by v : K (X) -4 H* lg (X, Z) the Mukai vector, given by 

v(£) := ch(E)y / td(X). 

(b) The Mukai pairing (_, ) is defined on iJ* lg (A, Z) by 

((r, c, s), (r , c , s )) := cc — rs — sr G Z. 

It is an even pairing of signature (2, p(X)), satisfying (v(E), v(i ? )) = — x(E, F), for 
E,F£K(X). 

(c) The algebraic Mukai lattice is defined to be the pair [H* lg (X, Z) , (_, _)^ . 

Recall that an embedding i : V — > L of a lattice V into a lattice L is primitive if L/i(V) is a 
free abelian group. In particular, we call a non-zero vector v G H* lg (X, Z) primitive if it is not 
divisible in H*^ (X, Z). Throughout the paper v will often denote a primitive class with v 2 > 0. 

Given a Mukai vector v G H*^ (X, Z), we denote its orthogonal complement by v- 1 . 
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Remark 2.5. Let a G Br(X) be a torsion class in the Brauer group of X. The above definitions 
can be extended to the twisted K3 surface (X, a), as explained in [HS05]. In particular, we will 

denote the algebraic Mukai lattice in the twisted case by ^i/* lg (X, a,Z), ( >_))■ F° r the basic 

theory of twisted K3 surfaces, we refer the reader to [CalOO, HS05, Yos06, Lie07]. 

Stability conditions on K3 surfaces. Let X be a K3 surface. 

Definition 2.6. A (full, numerical) stability condition on X is a Bridgeland stability condition on 
D b (A), whose the lattice A is given by the Mukai lattice (X, Z). 

In [Bri08], Bridgeland describes a connected component of the space of numerical stability 
conditions on X. These results have been extended to twisted K3 surfaces in [HMS08]. We will 
briefly summarize his main results in the following. 

Let /3,oj G NS(A)k be two real divisor classes, with uj being ample. In [Bri08, Lemma 6.1], 
Bridgeland constructs a heart A^r by tilting at a torsion pair in CohX: its objects are two-term 

complexes E^ 1 A E such that the Ker d is a torsion-free sheaf, all of whose HN filtration factors 
with respect to //^-slope stability have slope /x w < uj.fi, and such that the torsion-free part of 
Cokd only has HN filtration factors of slope /x w > oj./3. 

Theorem 2.7 ([Bri08, Sections 10, 11]). Let a = (Z,V) be a stability condition such that 
all skyscraper sheaves k(x) of points are a-stable. Then there are real divisor classes oj,(3 G 
NS(X)r with oj ample, such that, up to the Gh^-action, a is determined by "P((0, 1]) = Au r and 

Z{E) = (V w+/3 ,v(£)) . 

We will denote this stability condition by o^r, and the open subset of Stab(A) consisting of 
such stability conditions by U (X). 

Using the Mukai pairing, we can identify any central charge Z G Hom(//* lg (A, Z), C) with a 
vector in H* lg (X, Z)(g)C. We will next describe the set of central charges using this identification: 
Let V(X) C H* lg (X, Z) (g> C be the set of vectors f2 such that QQ, JftSl span a positive definite 
2-plane in ff* lg (A, Z) (g) R. The subset Vq(X) is defined as the orthogonal complement of all 
spherical classes: 

V {X) = G V{X) : (0, s) ^ 0, for all s G ff* lg (X, Z) with s 2 = -2} . 

Finally, Vo(X) has two connected components (corresponding to the orientation induced on the 
plane spanned by 3i$7), and we let Vq(X) be the component containing vectors of the form 

e iaj+/3 for ^ am pl C) u 2 ^ q 

Theorem 2.8 ([Bri08, Section 8]). Let Stab^(X) be the connected component of the space of 
stability conditions containing U(X). Let Z : Stab^(A) — > H* lg (X, Z) (g) C be the map sending 

a stability conditions {Z^V) to Viz, where Z( ) = (£lz, )■ 

Then Z is a covering map ofV^{X). 

Remark 2.9. Theorem 2.7 and Theorem 2.8 have analogous statements, though slightly more 
technical, in the context of twisted K3 surfaces (X, a), as proved in [HMS08, Section 3.1]. The 
analogue objects in the twisted case will be denoted by U(X, a), Stab^(A, a), Vq (X, a), etc. 

We will need the following observation: 

Proposition 2.10. The stability conditions on U(X, a) and a u —b on U(X, —a) are dual to 
each other in the following sense: An object E G D b (X, a) is a^^-(semi)stable of phase (j) if and 
only if its derived dual E v [2] G D b (A, —a) is a u ^-p-(semi)stable of phase —<p. 
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Proof. This follows as in [BMT11, Proposition 4.3.6]. □ 

Walls. One of the main properties of Bridgeland stability conditions is that the space of stability 
conditions carries a well-behaved wall and chamber structure. This is due to Bridgeland and Toda 
(the precise statement we need is in [BM12, Proposition 2.3]). 

Let (X, a) be a twisted K3 surface and let v G H*^ (X, a, Z) be aMukai vector. Then there ex- 
ists a locally finite set of walls (real codimension one submanifolds with boundary) in Stab(JT, a), 
depending only on v, with the following properties: 

(a) When a varies within a chamber, the sets of cr-semistable and u-stable objects of class v 
does not change. 

(b) When a lies on a single wall W C Stab(X, a), then there is a cr-semistable object that is 
unstable in one of the adjacent chambers, and semistable in the other adjacent chamber. 

(c) When we restrict to an intersection of finitely many walls Wi, . . . , Wk, we obtain a wall- 
and-chamber decomposition on Wi D • • • D Wk with the same properties, where the walls 
are given by the intersections W n W\ D • • • D Wk for any of the walls W C Stab(X, a) 
with respect to v. 

Moreover, if v is primitive, then a lies on a wall if and only if there exists a strictly cr-semistable 
object of class v. The Jordan-Holder filtration of cr-semistable objects does not change when a 
varies within a chamber. 

Definition 2.11. Let v G H* lg (X, a, Z). A stability condition is called generic with respect to v 
if it does not lie on a wall. 

Remark 2.12. Given a polarization H that is generic with respect to v, there is always a Gieseker 
chamber C: for a G C, the moduli space M ff (v) of Bridgeland stable objects is exactly the moduli 
space of ff-Gieseker stable sheaves; see [Bri08, Proposition 14.2]. 

Moduli spaces and projectivity. Let (X, a) be a twisted K3 surface and let v G H* lg (X, a, Z). 
Following [Tod08], by fixing a = (Z,V) G Stab 1 " (X, a) and <p G R such that Z(v) G R >0 • 
e^V"*, we can define 

M a (v,(t>) (resp. «m?(v,0)) 
as the moduli stack of cr-semistable (resp. cr-stable) objects with phase (f> and Mukai vector v. This 
is an Artin stack of finite type over C. We will often omit cp or v from the notation, when it is clear 
from the context. 

By [BM12, Theorem 1.3(a)] (which generalizes [MYY1 lb, Theorem 0.0.2]), if a G Stab 1 " (X, a) 
is generic with respect to v, then there exists a coarse moduli space M a (v) of cr-semistable objects 
with Mukai vector v. It is a normal projective irreducible variety with Q-factorial singularities. If 
v is primitive, then M ff (v) = M**(v) is a smooth projective hyperkahler manifold (see Section 
3). 

By results of Yoshioka and Toda, there is a very precise criterion for non-emptyness of a moduli 
space, and it always has expected dimension: 

Theorem 2.13. Let v = mvo G H*^ (X, a, Z) be a vector with vo primitive and m > 0, and let 

a G Stab^(X, a) be a generic stability condition with respect to v. 

(a) The coarse moduli space M CT (v) is non-empty if and only ifvQ > — 2. 

(b) Either dim M CT (v) = v 2 + 2 and M**(v) ^ 0, or m > 1 and v 2 , < 0. 

In other words, when v 2 ^ and the dimension of the moduli space is positive, then it is given 
by dimM CT (v) = v 2 + 2. 
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Proof. This is well-known: we provide a proof for completeness. First of all, claim (a) follows 
from results of Yoshioka and Toda (see [BM12, Theorem 5.7]). Since a is generic with respect 
to v, we know that M CT (v) exists as a projective variety, parameterizing 5-equivalence classes of 
semistable objects. Moreover, if E G M a {v), and we let F M- E be such that 4> a (F) = 4> a (E), 
then v(F) = m/vo, for some m' > 0. Hence, the locus of properly semistable objects in M CT (v) 
coincides with the image of the natural map 

SSL: ]J (M CT (miV ) x M ff (m 2 v )) — > M ff (v). 

mi+rri2=m 

If we assume Vq > (and so > 2), then we can proceed by induction on m. For m — 1, 
MJ*(vo) = M CT (vo) and the conclusion follows from the Riemann-Roch Theorem and [Muk87a]. 
If m > 1, then by the inductive assumption, we deduce that the image of the map SSL has 
dimension equal to the maximum of (mf + m|)vQ + 4, for mi + rri2 = m. 

We claim that we can construct a semistable object with vector v which is also Schur. Indeed, 
again by the inductive assumption, we can consider a a-stable object E(m — 1) with vector (m — 
l)v . Let F G M CT (vo). Then, again by the Riemann-Roch Theorem, Ext 1 (F,E(m - 1)) / 0. 
We can take any non-trivial extension 

-> E(m - 1) £(m) ->• F -)• 0. 

Since both E^m — 1) and F are Schur, and they have no morphism between each other, E(m) is 
Schur as well. 

Again by the Riemann-Roch Theorem and [Muk84], we deduce that the dimension of M^v) 
is equal to ex.t 1 (E(m), E(m)) = tti 2 Vq + 2. This shows that MJ*(v) ^ 0, as we wanted. The 
last part of the statement follows from [BM12, Lemma 6.1 & Lemma 6.2]. □ 

Line bundles on moduli spaces. In this final section we recall the main result of [BM12]: it 
shows that every moduli space of Bridgeland-stable objects comes equipped with a numerically 
positive line bundle, naturally associated to the stability condition. To avoid complicating the 
notation, we state the results only in the untwisted case: the extension to the twisted case works 
analogously. 

Let X be a K3 surface. Let S be a proper algebraic space of finite type over C, let a = (Z, V) G 
Stab(X), and let £ G D b (S x X) be a family of semistable objects of class v and phase <j), namely, 
for all closed point s G S, £ s G V{4>) with v(E) = v. 

We define a numerical divisor class £ a G NS(S , )k on S as follows: To every curve C C S, we 
associate 

Z(v) J ' 

and prove that it extends linearly to all curve classes. 

Remark 2.14. The linearity can, for example, be seen by comparison with the classical determi- 
nant line bundle construction. First of all, we recall the Donaldson morphism ([HL10, Section 
8.1]): 

X e : v i ->-NS(S), 

given as the composition 

v" ^> K num (S xl)^ K num (S x X) K num (S) ^ NS(5), 

where K num denotes the Grothendieck group of a variety modulo numerical equivalence, and 

v» := {w G K num (X) : X (v w) = 0} . 
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When X is a K3 surface, it is more convenient to use a dual version, called the Mukai morphism, 

Os-.v 1 ^ NS(-S), g (w) := -AeCv-^w)*). 
If we assume Z(v) = —1, and write Z(_) = as above, then 

(4) 4 = e £ (9ffi z ). 

Theorem 2.15 ([BM12]). The following are the main properties of £ a : 

(a) i a is a nef divisor class on S. Additionally, for a curve C C S, we have t a .C = if 
and only if, for two general closed points c, d G C, the corresponding objects £ c , £ c i G 
D b (X) are S -equivalent. 

(b) For any Mukai vector v G H* ls (X, Z), £ a induces a divisor class on the coarse moduli 

space M a (y), when the stability condition a G Stab^(X) is generic with respect to v. 
Moreover, in such a case, l a is an ample divisor on M CT (v). 

For any chamber C C Stab' (X), we thus get a map 

(5) £ c - Amp(M c (v)), 

where we used the notation Mc(y) to denote the coarse moduli space M a (v), independent of the 
choice a G C. The main goal of this paper is to understand the global behavior of this map. 

We recall one more result from [BM12]. Let v G H*^ (X, Z) be a primitive vector with 
v 2 > —2. Let W be a wall for v and let cr G W be a generic stability condition on the wall, 
namely it does not belong to any other wall (see also Remark 5.6). We denote by a + and <r_ two 
generic stability conditions nearby W in opposite chambers. Then all cj-t-semistable objects are 
also o"o-semistable. Hence, £ ao induces two nef divisors £ ao ,+ and £ ao ,- on M CT+ (v) and M a _ (v) 
respectively. 

Theorem 2.16 ([BM12, Theorem 1.4(a)]). The divisors £ ao ,± are big and nef on M CT± (v). In 
particular, they are semi-ample, and induce birational contractions 

tt ± : M CT± (v)^M±, 

where M± are normal irreducible projective varieties. The curves contracted by ir^ are precisely 
curves of objects that are S -equivalent with respect to o~q. 

Definition 2.17. We call a wall W: 

(a) a. fake wall, if there are no curves in M CT± (v) of objects that are ^-equivalent to each 
other with respect to cjq; 

(b) a totally semistable wall, if M** (v) = 0; 

(c) a flopping wall, if we can identify M + = M_ and the induced morphism M CT+ (v) — ■» 
M a _ (v) induces a flopping contraction; 

(d) a divisorial wall, if the morphisms ir^ 1 : M a± (v) — > M± are both divisorial contractions. 

By [BM12, Theorem 1.4(b)], if W is not a fake wall and M**(v) C M CT± (v) has complement 
of codimension at least two, then W is a flopping wall. We will classify walls in Theorem 5.7. 

3. Review: basic facts about hyperkahler varieties 

In this section we give a short review on hyperkahler manifolds. The main references are 
[Bea83, GHJ03, Marl 1]. 
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Definition 3.1. A projective hyperkahler manifold is a simply connected smooth projective va- 
riety M such that H°(M,Q 2 AI ) is one-dimensional, spanned by an everywhere non-degenerate 
holomorphic 2-form. 

The Neron-Severi group of a hyperkahler manifold carries a natural bilinear form, called the 
Fujiki-Beauville-Bogomolov form. It is induced by a quadratic form on the whole second coho- 
mology group q : H 2 (M, Z) — > Z, which is primitive of signature (3, b2(M) — 3). It satisfies the 
Fujiki relation 

(6) f a 2n = F M ■ q(a) n , a£H 2 (M,Z), 

Jm 

where 2n = dim M and Fm is the Fujiki constant, which depends only on the deformation type of 

M. We will mostly use the notation (_, _) := q( , _) for the induced bilinear form on NS(M). 

The Hodge structure (H 2 (M, Z), q) behaves similarly to the case of a K3 surface. For example, 
by [Ver09], there is a weak global Hodge theoretic Torelli theorem for (deformation equivalent) 
hyperkahler manifolds. 

Moreover, some positivity properties of divisors on M can be rephrased in terms of q. We first 
recall a few basic definitions on cones of divisors. 

Definition 3.2. An integral divisor D £ NS(M) is called 

• big, if its Iitaka dimension is maximal; 

• movable, if its stable base-locus has codimension > 2; 

• strictly positive, if (D, D) > and (D, A) > for a fixed ample class A on M. 

The real (not necessarily closed) cone generated by big (resp., movable, strictly positive, effec- 
tive) integral divisors will be denoted by Big(M) (resp., Mov(M), Pos(M), Eff(M)). We have 
the following inclusions: 

Pos(M) C Big(M) C Eff(M) 

Nef(M) C Mo^(M) C Pos(M) C Big(M) = Eff(M). 

The only non-trivial inclusion is Pos(M) C Big(M), which follows from [Huy99, Corollary 
3.10]. Divisors in Pos(M) are called positive. 

Definition 3.3. Let M be a projective hyperkaler manifold of dimension 2n. A Lagrangian 
fibration is a surjective morphism with connected fibers h: M — > B, where B is a smooth 
projective variety, such that the generic fiber is Lagrangian with respect to the symplectic form 

u € H°(M,Q 2 M ). 

By the Arnold-Liouville Theorem, any smooth fiber of a Lagrangian fibration is an abelian 
variety of dimension n. Moreover: 

Theorem 3.4 ([Mat99, MatOl] and [Hwa08]). Let M be a projective hyperkahler manifold of 
dimension 2n. Let B be a smooth projective variety of dimension < dim B < 2n and let 
h: M — > B be a surjective morphism with connected fibers. Then h is a Lagrangian fibration, 
and B ^ P n . 

This result explains the importance of Conjecture 1.4. There has been recent series of articles 
on Lagrangian fibrations with a slightly different perspective. They treat the following question 
(see [BealO, Question 1.6]): Given a torus L which is a Lagrangian subvariety of a HK manifold, 
does there exist a Lagrangian fibration with L as a fiber? This has been addressed in [GLRlla] 
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for non-projective compact hyperkahler manifolds, and in general in [HW12, Matl2a] (based on 
previous results in [Amell, GLRllb]). 

The examples of hyperkahler manifolds we will consider are moduli spaces of stable complexes, 
as explained by the theorem below. It has been proven for moduli of sheaves in [YosOl, Sections 
7 & 8], and generalized to Bridgeland stability conditions in [BM12, Theorem 5.9]): 

Theorem 3.5 (Huybrechts-O'Grady-Yoshioka). Let (X, a) be a twisted K3 surface and let v £ 
H* lg (X, a, Z) be a primitive vector with v 2 > —2. Let a G Stab^(X, a) be a generic stability 
condition with respect to v. Then: 

(a) M a ( v) is a projective hyperkahler manifold, deformation-equivalent to the Hilbert scheme 
of points on any K3 surface. 

(b) The Mukai morphism induces an isomorphism 

• 6 a<v : v x ^ NS(M ff (v)), ifv 2 > 0; 

• 6 UtV : v ± /v ^> NS(M a (v)), ifv 2 = 0. 

Under this isomorphism, the quadratic Beauville-Bogomolov form for NS(M cr (v)) coin- 
cides with the quadratic form of the Mukai pairing on (X, a). 

Here B a ^ v is the Mukai morphism as in Remark 2.14, induced by a (quasi-)universal family. 
We will often drop a or v from the notation. It extends to an isomorphism of Hodge structures, 
if we take the orthogonal complement v 1 - inside the whole cohomology H*(X, a,Z) (and not 
only in the algebraic part); it becomes identified with H 2 (M,Z). For v 2 > the embedding 
H 2 (M, Z) = v 1 - )■ H*(X, a, Z) of integral Hodge structures determines the birational class of 
M CT (v) via Verbitsky's Torelli Theorem, see [Marll, Example 9.6]. 

We will also the need the following special case of a result by Namikawa and Wierzba: 

Theorem 3.6 ([Wie03, Theorem 1.2 (ii)] and [NamOl, Proposition 1.4]). Let M be a projective 
hyperkahler manifold of dimension 2n, and let M be a projective normal variety. Let ir : M — > 
M be a birational projective morphism. We denote by Si the set of points p £ M such that 
dini7r -1 (p) = i. Then dim 5^ < 2n — 2i. 

In particular, ifir contracts a divisor D C M, we must have dim7r(7J) = m — 2. 

Consider a non-primitive vector v. As shown by O'Grady and Kaledin-Lehn-Sorger, the moduli 
space M a (v) can still be thought of as a singular hyperkahler manifold, in the following sense: 

Definition 3.7. A normal projective variety M is said to have symplectic singularities if 

• The smooth part M reg C M admits a symplectic 2-form oj; 

• For any resolution / : M — > M, the pull4jack of oj to / _1 (M reg ) extends to a holomor- 
phic form on M. 

Our results in [BM12] reduce the following theorem to the case of moduli fo sheaves: 

Theorem 3.8 ([0'G99] and [KLS06]). Let (X, a) be a twisted K3 surface and let v = mvo € 

H*i (X, a,7d) be a Mukai vector with vo primitive and Vq > 2. Let a G Stab^ (X, a) be a generic 
stability condition with respect to v. Then M a (v) has symplectic singularities. 

Given a hyperkahler manifold M and a dominant rational map M — -> M, where M is a 
normal projective variety with symplectic singularities, then it follows from the definitions that 

dim(Af) = dim(M). 
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4. Harder-Narasimhan filtrations in families 

In this section, we will show that results by Abramovich-Polishchuk and Toda imply the exis- 
tence of Harder-Narasimhan filtrations in families, see Theorem 4.3. 

Let Y be a smooth projective variety over C, and let a be a Bridgeland stability condition on 
D b (Y). The results we present will work as well in the twisted context: for simplicity of notation 
we only prove and state them in the untwisted context. 

Definition 4.1. We say a satisfies openness of stability if the following condition holds: for any 
scheme S of finite type over C, and for any £ G T> b (S x Y) such that its derived restriction £ s is 
a cx-semistable object of D b (Y) for some s G S, there exists an open neighborhood s G U C S of 
s, such that £ s / is cr-semistable for all s' G U. 

Theorem 4.2 ([Tod08, Section 3]). Openness of stability holds when Y is a K3 surface and a is a 
stability condition in the connected component Stab^(y). 2 

Theorem 4.3. Let a = (Z, A) G Stab(y) be an algebraic stability condition satisfying openness 
of stability. Assume we are given an irreducible variety S over C, and an object £ G D b (S x 1"). 
Then there exists a system of maps 

(7) = £° -> £ l -> £ 2 -> >£ m = £ 

in B b (S x Y), and an open subset U C S with the following property: for any s G U, the derived 
restriction of the system of maps (7) 

= £V^£l^£^...^ £ ™ = £ s 
is the Harder-Narasimhan filtration of £ s . 

The proof is based on the notion of constant family of t-structures due to Abramovich and 
Polishchuk, constructed in [AP06] (in case 5 is smooth) and [Pol07] (in general). 

Throughout the remainder of this section, we will assume that a and S satisfy the assumptions 
of Theorem 4.3. A t-structure is called close to Noetherian if it can be obtained via tilting from 
a t-structure whose heart is Noetherian. For <f> G M, the category V((<f>- 1,0]) C B b (Y) is the 
heart of a close to Noetherian bounded t-structure on Y given by V-° = V{{4> — 1, +oo)) and 
j)>o _ -p^^QQ^ ^ ( see exam pi e discussed at the end of [Pol07, Section 1]). In this situation, 
Abramovich and Polishchuk's work induces abounded t-structure (T>g ,T)g ) on D b (S x Y); we 
paraphrase their main results as follows: 

Theorem 4.4 ([AP06, Pol07]). Let A be the heart of a close to Noetherian bounded t-structure 
(T>-°,T>-°) on D 6 (y). Denote by A qc C T) qc (Y) the closure of A under infinite coproducts in 
the derived category of quasi-coherent sheaves. 

(a) For any scheme S of finite type of C there is a close to Noetherian bounded t-structure 

"Pf ) on T) b (S x Y), whose heart As is characterized by 

£ G As (py)* (£\yxu) 6 Aqc far every open affine U C S 

(b) The above construction defines a sheaf of t-structures over S: when S = [J i U{ is an 
open covering of S, then £ G As if and only if£\yxU t £ <Mj i for every i. In particular, 
for i: U C S open, the restriction functor i* is t-exact. 

(c) When i: S' C S is a closed subscheme, then i* is t-exact, and i* is t-right exact. 

2 Note that in [Tod08, Section 3], this Theorem is only stated for families £ satisfying Ext <0 (£ 3 , £ s ) = for all 
s £ S. However, Toda's proof in Lemma 3.13 and Proposition 3.18 never uses that assumption. 
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We briefly comment on the statements that are not explicitly mentioned in [Pol07, Theorem 
3.3.6]: From part (i) of [Pol07, Theorem 3.3.6], it follows that the t-structure constructed there on 
D(5 x Y) descends to a bounded t-structure on D b (S x Y). To prove that the push-forward in 
claim (c) is t-exact, we first use the sheaf property to reduce to the case where S is affine; in this 
case, the claim follows by construction. By adjointness, it follows that i* is t-right exact. 

For an algebraic stability condition a = (Z,V) on T) b (Y) and a phase <fi G R, we will from 
now on denote its associated t-structure by V(> 4>) = T>-~ x , V(< 4>) = V-°, and the associated 
truncation functors by r^, r-^. By [Pol07, Lemma 2.1.1], it induces a t-structure on D qc (Y), 
which we denote by V qc (> <j)),V qc (< (/>)■ For the t-structure on D b (S x Y) induced via Theorem 

4.4, we will similarly write Vs(> <j>), Vs{< 4>), and Tg , t§^- 
We start with a technical observation: 

Lemma 4.5. The t-structures on T) b (S x Y) constructed via Theorem 4.4 satisfy the following 
compatiblity relation: 

(8) f\V S (<<l> + e)=V S {<4>). 

e>0 

Proof. Assume £ is in the intersection of the left-hand side of (8). By the sheaf property, we may 
assume that S is affine. The assumption implies (py)*£ G V qc {< 4> + e) for all e > 0. 

By [Pol07, Lemma 2.1.1], we can describe V qc {< <p + e) C D qc (Y) as the right orthogonal 
complement of V{> <j> + e) C D b (Y) inside D qc (Y); thus we obtain 

f| V qc {< 4> + e) = p| (V(> 4> + e)) ± = ( J V(>cp + e)Y = (v(> ^ = V qc (< 0). 

e>0 e>0 e>0 

Hence (py)*£ G V qc {< <t>), proving the lemma. □ 

We next observe that the truncation functors tJT^ , tJ^ induce a slicing on T> b (S x Y). (See 
Definition 2.1 for the notion of slicing on a triangulated category.) 

Lemma 4.6. Assume that a = (Z, V) is an algebraic stability condition, and Vs(> <t>), Ps(< 0) 
are as defined above. There is a slicing Vs on D b (S x 1") defined by 

V s ((P)=Vs(< ( p)nf]Vs(> ( p-e). 

Note that Vs (0) cannot be characterized by the anologue of Theorem 4.4, part (a). For example, 
consider the case where Y is a curve and (Z, V) the standard stability condition corresponding to 
ordinarly slope-stability in Coh Y. Then V(l) C CohY is the category of torsion sheaves, and 
Vs(l) C Coh S x Y is the category of sheaves T that are torsion relative over S. However, for 
U C S affine and a non-trivial family F, the push-forward (py)* F\u is never a torsion sheaf. 

Proof. By standard arguments, it is sufficient to consider the case £ G As '■= Ps(0, 1]. In 
particular, since a is algebraic, we can assume that both A := V(0, 1] and As are Noetherian. For 
any G (0, 1], we have V s (4>, <t> + 1] C (A S ,A S [1]}- By [Pol07, Lemma 1.1.2], this induces a 
torsion pair (7^, J 7 ^) on As with 

T lj> = A s nV s ((/), (/) + !] and ^ = i s n^-l,# 

Let T<£ =->■ £ -» be the induced short exact sequence in As- Assume (p < <fi'; since F^ C F^, 
the surjection £ -» F<p factors via £ -» F$. Since As is Noetherian, the set of induced 

quotients {F<p : <j) £ (0, 1]} of £ must be finite. In addition, if F^ = Fp, we must also have 

F^i = Ftj, for any cp" G (0,0')- 



MMP FOR MODULI OF SHEAVES ON K3S VIA WALL-CROSSING 



17 



Thus, there exist real numbers (f>o = 1 > <fii > <p2 > • • • > 4>i > = sucn that F$ 
is constant for G (0j + i,(/>j), but such that F^_ e 7^ i^+e. Let us assume for simplicity that 
-F0 1+e = £; the other case is treated similarly by setting F 1 = F ( p 1+e , and shifting all other indices 
by one. For i = 1, . . . , I we set 

. F i := F^, 

• £ l := Ker(£ -» F % ), and 

• A i = P/S 1 - 1 . 

We have £ % G Vs(> 4>i ~ e ) an d = Tg^ +e £ l for all e > 0. Hence the quotient .A 1 satisfies, 
for all e > 0, 

• A i G P 5 (> & - e), 

• A* G P 5 (< ^ + e). 

The latter implies A 1 G Vs{< <fti) by Lemma 4.5. By definition, we obtain A 1 G Vs(4>)- Finally, 
we have F l G Vs(0, 1] H Vs(< e) for all e > 0. Using Lemma 4.5 again, we obtain = 0, and 
thus £ l = £. Thus the £ 1 induce a Harder-Narasimhan filtration as claimed. □ 

The following lemma is an immediate extension of [AP06, Proposition 3.5.3]: 

Lemma 4.7. Assume that £ G Vs(<ft)for some <f> G M. and that £ s 7^ Ofor s G S generic. Then 
there exists a dense subset Z C S, such that £ s is semistable of phase (ft for all s G Z. 

Proof. By [AP06, Proposition 3.5.3], applied to the smooth locus of 5, there exists a dense subset 
Z C S such that £ s G V((4> - 1, <j>)). Since £ G V(> </> - e) for all e > 0, and since i* is t-right 
exact, we also have £ s G V(> 4> — e) for all e > 0. Considering the HN filtration of £ s , this shows 
that £ s G for all s £ Z. □ 

Proof of Theorem 4.3. The statement now follows easily from the above two lemmata: First of all, 
under the assumption of openness of stability, the dense subset Z of Lemma 4.7 may of course be 
taken to be open. 

Given any £ G B b (S x Y), let 

(9) = £° -> £ l -»• >£ m = £ 

be the Harder-Narasimhan filtration with respect to the slicing of Lemma 4.6, and let A 7 be the 
HN filtration quotients fitting in the exact triangle £i~ l — > £ J — > AK Let ji be the indices 

for which the generic fiber i*A^ does not vanish, and let 4>i be the phase of A^. Then we claim 
that 

(10) = £° -»• £ J1 -)■ f i2 ->■ > £ m = £ 

has the desired property. Indeed, there is an open subset U such that for all s G U, the fibers A 3 s l 
are semistable for alH = 1, . . . , I, and such that Ai = for all j ^ {ii, . . . , Then, for each 
such s, the restriction of the sequence of maps (10) via i* induces a sequence of maps that satisfies 
all properties of a HN filtration. □ 

5. The hyperbolic lattice associated to a wall 

Our second main tool will be a rank two hyperbolic lattice associated to any wall. Let (X, a) 
be a twisted K3 surface. Fix a primitive vector v G H* lg (X, a, Z) with v 2 > 0, and a wall W of 
the chamber decomposition with respect to v. 
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Proposition 5.1. To each such wall, let %yy C (X, a, Z) be the set of classes 

Z(w) 

wen w ^ 3-^-2 = for all a = (Z, V) G W. 

Then Hyy has the following properties: 

(a) It is a primitive sublattice of rank two and of signature (1,-1) (with respect to the re- 
striction of the Mukaiform). 

(h) Let <7 + ,cr_ be two sufficiently close and generic stability conditions on opposite sides 
of the wall W, and consider any a ^-stable object E G M a+ (v). Then any Harder- 
Narasimhan filtration factor A^ of ' E with respect to <r_ has Mukai vector v(^4j) con- 
tained in Tiyy. 

(c) If is a generic stability condition on the wall W, the conclusion of the previous claim 
also holds for any OQ-semistable object E of class v. 

(d) Similarly, let E be any object with v(E) G Hyy, and assume that it is a^-stable for a 
generic stability condition uq G W. Then every Jordan-Holder factors of E with respect 
to o"o will have Mukai vector contained in Hyy. 

The precise meaning of "sufficiently close" will become apparent in the proof. 

Proof. The first two claims of (a) are evident. To verify the claim on the signature, first note that 
by assumption on v, the lattice Tiw is either hyperbolic or positive (semi-)dennite. On the other 
hand, consider a stability condition a = (Z, A) with Z(v) = — 1. Since > by Theorem 

2.8, since Tiw is contained in the orthogonal complement of ^sZ, and since the algebraic Mukai 
lattice has signature (2, p{X)), this leaves the hyperbolic case as the only possibility. 

In order to prove the remaining claims, consider an e-neighborhood B e (r) of a generic stability 
conditions r G W, with < e < 1. Let (3 V be the set of objects E with v(E) = v, and that are 
semistable for some stability condition in B e (r). Let il v be the set of classes u G iT* lg (X, a, Z) 
that can appear as Mukai vectors of Jordan-Holder factors of E G 6 V , for any stability conditioin 
(Z',A ! ) G B e (r). As shown in the proof of local finiteness of walls (see [Bri08, Proposition 
9.3] or [BM11, Proposition 3.3]), the set ll v is finite; indeed, such a class would have to satisfy 
|Z'(u)| < |Z'(v)|. Hence, the union of all walls for all classes inil v is still locally finite. 

To prove claim (b), we may assume that W is the only wall separating a + and cr_, among all 
walls for classes in il v - Let uq G W be a generic stability condition in the wall separating the 
chambers of c + , <r_. It follows that both E, and each A4, is uo-semistable. Since this argument 
works for generic <to, we must have v(Ai) G Hyy by the definition of Hyy. 

Claim (c) follows from the same discusstion, and (d) similarly by considering the set of all 
walls for the classes iiyrm instead of H v . □ 

Our main approach is to characterize which hyperbolic lattices % C H*^ (X, a, Z) correspond 
to a wall, and to determine the type of wall purely in terms of %. We start by making the following 
definition: 

Definition 5.2. Let % C H*^ (X, a, Z) be a primitive rank two hyperbolic sublattice containing 
v. A potential wall W associated to % is a connected component of the real codimension one 
submanifold of stability conditions a = (Z,V) with the condition that Z{%) is contained in a 
line. 

Remark 5.3. The statements of Proposition 5. 1 are still valid when W is a potential wall as in the 
previous definition. 
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Definition 5.4. Given any hyperbolic lattice % C H* lg (X, a, Z) of rank two containing v, we 
will denote by Pu C % ® R the cone generated by integral classes u £ T~L with u 2 > and 
(v, u) > 0. We will call P% the positive cone of H, and a class in P^ n % will be called a positive 
class. 

We note that the condition (v, u) > just picks out one of the two components of the set of 
real classes with u 2 > 0. Also observe that can be an open or closed cone, depending on 
whether the lattice contains integral classes w that are isotropic: w 2 = 0. 

Proposition 5.5. Let W be a potential wall associated to a hyperbolic rank two sublattice T~L C 
H*± g (X,a,Z). For any a = (Z,V) G W, let C a C % ® K &e ^ cone generated by classes 
u £ H satisfying the two conditions 

u 2 > -2 and > 0. 

Z(v) 

TTzij cone Joes «of depend on the choice of a G W, and /? contains P%. 

Ifu€ C a , then there exists a semistable object of class ufor every a' G W. Ifu£ C a , then 
there does not exist a semistable object of class ufor generic a' G W. 

From here on, we will write Cyy instead of C a , and call it the cone of effective classes in %. 
Given two different walls Wi, W2, the corresponding effective cones Cyy^, Cvv 2 will only differ 
by spherical classes. 

Proof. If u 2 > —2, then by Theorem 2.13 there exists a <r-semistable object of class u for every 
a = {Z,V) G W. Hence Z(u) / 0, i.e, we cannot simultaneously have u G 7~L (which implies 
= 0) and ?R.^^l = 0. Therefore, the condition > is invariant under deforming a 

stability condition inside W, and Ccr does not depend on the choice of a G W. 

Now assume for contracdiction that is not contained in Cyy. Since v G Cyy, this is only 
possible if there is a real class u G P% with K^|^y = 0; after deforming a G W slightly, we may 
assume u to be integral. As above, this implies Z(u) = 0, in contradiction to the existence of a 
u-semistable object of class u. 

The statements about existence of semistable objects follow directly from Theorem 2.13. □ 

Remark 5.6. Note that by construction, Cyy C % ® K is strictly contained in a half-plane. In 
particular, there are only finitely many classes in Cvv H v — Cyv H Ti (in other words, effective 
classes u such that v — u is also effective). 

We will use this observation throughout in order to freely make genericity assumptions: a 
generic stability condition o"o G W will be a stability condition that does not lie on any additional 
wall (other than W) for any of the above-mentioned classes. Similarly, by stability conditions 
a+,a- nearby ao we will mean stability conditions that lie in the two chambers adjacent to o~q for 
the wall-and-chamber decompositions with respect to any of the classes in Cvv n v — Cvv H Ti. 

The behavior of the potential wall W is completely determined by the lattice % and its effective 
cone Cvv'- 

Theorem 5.7. Let % C iT* lg (Jf, a, Z) be a primitive hyperbolic rank two sublattice containing 
v. Let W C Stab(X, a) be a potential wall associated to % (see Definition 5.2). 

The set W is a totally semistable wall if and only if there exists either an isotropic class w G H 
with (v, w) = 1, or an effective spherical class s G Cvv H H with (s, v) < 0. In addition: 

(a) The set W is a wall inducing a divisorial contraction if one of the following three condi- 
tions hold: 
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(Brill-Noether): there exists a spherical class s G Ti with (s, v) = 0, or 
(Hilbert-Chow): there exists an isotropic class weM with (w, v) = 1, or 
(Li-Gieseker-Uhlenbeck): there exists an isotropic class w G % with (w, v) = 2. 

(b) Otherwise, ifv can be written as the sum v = a + b of two positive 3 classes, or if there 

2 

exists a spherical class s G H with < (s, v) < then W is a wall corresponding to 
a flopping contraction. 

(c) In all other cases, W is either a fake wall (if it is a totally semistable wall), or it is not a 
wall. 

The Gieseker-Uhlenbeck morphism from the moduli space of Gieseker semistable sheaves to 
slope-semistable vector bundle was constructed in [Li93]. Many papers deal with birational trans- 
formations between moduli spaces of twisted Gieseker semistable sheaves, induced by variations 
of the polarization. In particular, we refer to [Tha96, DH98] for the general theory of variation of 
GIT quotients and [EG95, FQ95, MW97] for the case of sheaves on surfaces. Theorem 5.7 can be 
thought as a generalization and completion of these results in the case of K3 surfaces. 

The proof of the above theorem will be broken into four sections. We will distinguish two cases, 
depending on whether 7-1 contains isotropic classes: 

Definition 5.8. We say that W is an isotropic wall if 7-Lyy contains an isotropic class. 

In Section 6, we will analyze totally semistable non-isotropic walls, and Section 7 will describe 
non-isotropic walls corresponding to divisorial contractions. In Section 8, we will use a Fourier- 
Mukai transform to reduce the treatment of isotropic walls to the well-known behavior of the 
Li-Gieseker-Uhlenbeck morphism from the Gieseker moduli space to the Uhlenbeck space, and 
Section 9 will describe which of the remaining cases correspond to flopping walls, to fake walls, 
or to no wall at all. 

6. Totally semistable non-isotropic walls 

In this section, we will analyze totally semistable walls; while some of our intermediate results 
hold in general, we will focus on the case where H does not contain an isotropic class. The 
relevance of this follows from Theorem 2.13: in this case, if the dimension of a moduli space 
M CT (u) is positive, then it is given by u 2 + 2. 

We will first describe the possible configurations of effective spherical classes in Cyy, and of 
spherical objects S G V{1) with v(5) G Hw 

We start with the following classical argument of Mukai (cfr. [Bri08, Lemma 5.2]). Given an 
exact sequence in the heart of a bounded t-structure A 

O^A^E^B^O, 

we assume that Hom(^4, B) = 0. 

Lemma 6.1 (Mukai). We have an inequality 

ey:t l (E,E) > ext 1 (A, A) + ext^f?, B). 

The following is a well-known consequence of Mukai's lemma (cfr. [HMS08, Section 2]): 

Lemma 6.2. Assume that S is a semistable rigid object with respect to a given stability condition. 
Then any Jordan-Holder filtration factor of S is also spherical. 



'In the sense of Definition 5.4. 
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Proof. Let S be any semistable object with Ext 1 (S', S) = 0. Pick any stable subobject T C S of 
the same phase. Then there exists a short exact sequence 

with the following two properties: 

(a) The object T is an iterated extension of T. 

(b) Hom(T, R) = 0. 

Indeed, this can easily be constructed inductively: we let R\ = S/T. If Hom(T, S/T) = 0, the 
subobject T = T already has the desired properties. Otherwise, any non-zero morphism T — > Ri 
is necessarily injective; if we let R2 be its quotient, then the kernel of S -» R2 is a self-extension 
of T, and we can proceed inductively. 

It follows that Hom(T, R) = 0, and we can apply Lemma 6. 1 to conclude that Ext 1 (T, T) = 0. 
Hence (v(f ),v(f )) < 0, which also implies (v(T),v(T)) < 0. Thus v(T) is spherical, too. 

The lemma follows by induction on the length of S. □ 

Proposition 6.3. Let W be a potential wall associated to the primitive hyperbolic lattice %, and 
let = (Zq,Vo) G W be a generic stability condition with Zo(7i) C R. Then % and o~q satisfy 
one of the following mutually exclusive conditions: 

(a) The lattice % does not admit a spherical class. 

(b) The lattice % admits, up to sign, a unique spherical class, and there exists a unique 
OQ-stable object S G Vq(1) with v(5) G H. 

(c) The lattice % admits infinitely many spherical classes, and there exist exactly two o~q- 
stable spherical objects S,T G Vq(1) with v(5),v(T) G %. In this case, Tl is not 
isotropic. 

Proof. Given any spherical class, s G T-Lw, then by Theorem 2.13, there exists a cr-semistable 
object S with v(S) = s and S G Vo(l). IfH admits a unique spherical class, then by Proposition 
5.1 and Lemma 6.2, S must be stable. 

Hence it remains to consider the case where % admits two linearly independent spherical 
classes. If we consider the Jordan-Holder nitrations of <7o-semistable objects of the corresponding 
class, and apply Proposition 5.1 and Lemma 6.2, we see that there must be two o"o-stable objects 
S, T whose Mukai vectors are linearly independent. 

Now assume that there are three stable spherical objects Si, S2, S3 G V(l), and let Sj = v(Si). 
Since they are stable of the same phase, we have Hom(Si, Sj) = for all i / j, as well as 
Ext fc (5j, Sj) = for k < 0. Combined with Serre duality, this implies (s,, Sj) = ext 1 (5j, Sj) > 
0. 

However, a rank two lattice of signature (1,-1) can never contain three spherical classes 
Si,S2,S3 with (sj,Sj) > for i 7^ j: We may assume that Si,S2 are linearly independent. Let 
m := (81,82) > 0; since % has signature (1, —1), we have m > 3. If we write S3 = xs\ + ys2, 
we get the following implications: 

2 

(si,s 3 )>0 =>- y>—x 
m 

Tfl 

(s 2 ,s 3 )>0 y<—x 

(s 3 , s 3 ) = -2 =>- -2x 2 + 2mxy - 2y 2 < 

However, by solving the quadratic equation for y, it is immediate that the term in the last inequality 
is positive in the range ^x < y < |i (see also Figure 1). 
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Figure 1. The plane %w, oriented compatibly with a + 

Finally, if % admits two linearly independent spherical class s, t, then the group generated 
by the associated reflections p s ,Pt is infinite; the orbit of s consists of infintely many spherical 
classes. Additionally, an isotropic class would be a rational solution of — 2x 2 + 2mxy — 2y 2 = 0, 
but the discriminant m 2 — 4 can never be a square when m is an integer m > 3. □ 

Whenever we are in case (c), we will will denote the two ao-stable spherical objects by S, T. 
We may assume that S has smaller phase than T with respect to er + ; conversely, S has bigger 
phase than T with respect to cr_. We will also write s := v(5), t = v(T), and m := (s, t) > 2. 
We identify M 2 with Hyy <g> R by sending the standard basis to (s,t); under this identification, 
the ordering of phases in M 2 will be consistent with the ordering induced by a + . We denote by 
Q(x, y) = —2x 2 + 2mxy — 2y 2 the pull-back of the quadratic form induced by the Mukai pairing 
on %vv- Let r\ < r2 be the two solutions of —2r 2 + 2mr — 2 = 0; they are both positive and 
irrational (as m 2 — 4 cannot be a square for m > 3 integral). The positive cone P% is thus the cone 
between the two lines y = nx, and the effective cone Cyy is the upper right quadrant x, y > 0. 

We will first prove that the condition for the existence of totally semistable walls given in 
Theorem 5.7 is necessary in the case of non-isotropic walls. We start with an easy numerical 
observation: 

Lemma 6.4. Given I > 1 positive classes ai, . . . , G Pu with a 2 > 0, set a = ai + • • • + a;. 
Then 

E(^ + 2)<a 2 . 

i=l 

Proof. Since the a« are integral classes, and Tiyy is an even lattice, we have af > 2. If a; / a,-, 
then aj, aj span a lattice of signature (1,-1), which gives (aj, aj) > Ja^a^ > 2. Hence a 2 > 
£Lia 2 + 2^-l)>£La 2 + 2Z. □ 

Lemma 6.5. Assume that the potential wall W associated to % satisfies the following conditions: 

(a) The wall is non-isotropic. 

(b) There does not exist an effective spherical class s £ Cyy with (s, v) < 0. 
Then W cannot be a totally semistable wall. 



In other words, there exists a co-stable object of class v. 
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Q(x,y) = (v,v) 



Figure 2. a 2 < v 2 



Proof. We will consider two maps from the moduli space M a+ ( v) : On the one hand, by Theorem 
2.16, the line bundle £ ao on M a+ (v) induces a birational morphism 

7T+: M CT+ (v) -> M. 

The curves contracted by ir + are exactly curves of S-equivalent objects. 

For the second map, first assume for simplicity that M a+ (v) is a fine moduli space, and let 
£ be a universal family. Consider the relative Harder-Narasimhan filtration for £ with respect to 
<t_ given by Theorem 4.3. Let a 1; . . . , a m be the Mukai vectors of the semistable HN filtration 
quotients of a generic fiber £ m for m 6 M CT+ (v). On the open subset U of the Theorem 4.3, the 
filtration quotients £ 1 j£ % _1 are flat families of cr_ -semistable objects of class a^; thus we get an 
induced rational map 

HN: M CT+ (v) — > M a _ (ai) x • • • x M c _ (a m ). 

Let J C {1,2,..., m} be the subset of indices i with a? > 0, and let a = YUei a «- 

Our first claim is a 2 < v 2 , with equality if and only if a = v, i.e., if there are no classes with 
a? < 0: Let us consider case (c) of Proposition 6.3; case (b) is simpler, and (a) trivial. Let v x ,v y 
be the coordinates of v in M 2 ; the conditions (s, v) > and (t, v) > imply — < ^ < ^. 
The intersections of the lines y = and y = with the hyperbola Q(x,y) = v 2 are the 
points with horizontal and vertical tangent lines, respectively. (Indeed, the line y = ^x as well 
as the hyperbola are fixed under the reflection p s , and similarly y = for the reflection p t . ) 
Thus v lies in between these two points, where the hyperbola has negative slope. If a x , a y are the 
coordinates of a, then < a x < v x and < a y < v y , as v — a is an effective class in Cyy- The 
claim thus follows from Figure 2, which shows that a cannot lie in the interior Q(x, y) > v 2 of 
the hyperbola. 

Lemma 6.4 then implies 

(11) v 2 + 2>a 2 + 2>^(a 2 + 2), 

with equality if and only if \I\ = 1. By Theorem 2.13, part (b), this says that the target of the 
rational map HN has at most the dimension of the source: 

m 

(12) dimAf CT+ (v) > ^ dim M CT _ (a^ ) . 

8=1 
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However, if HN(Ea) = HN(E , 2), then E\,E% are S-equivalent: indeed, they admit Jordan- 
Holder nitrations that are refinements of their Harder-Narasimhan nitrations with respect to cr_ , 
which have the same filtration quotients. 

It follows that any curve contracted by HN is also contracted by ir + ; therefore 

m 

^dimM (T _(a i ) > dimM = dimM CT+ (v) 
i=i 

Hence we have equality in each step of the above inequalities, the relative Harder-Narasimhan 
filtration is trivial, and the generic fiber £ m is cr_ -stable. 

In case M a+ (v) does not admit a universal family, we can construct HN by first passing to an 
etale neighborhood f:U—t M a+ (v) admitting a universal family; the induced rational map from 
U induced by the relative Harder-Narasimhan filtration will then factor via /. □ 

We recall some theory of Pell's equation in the language of spherical reflections of the hyper- 
bolic lattice H: 

Proposition and Definition 6.6. Let G-u C Aut % be the group generated by spherical reflections 
Psfar effective spherical classes s G Cyy. Given a positive class v G P% n H, the G-^-orbit G% .v 
contains a unique class vo such that (vo, s) > Ofor all effective spherical classes s G Cyy. 
We call vo the minimal class of the orbit G-^.v. 

Note that the notion of minimal class depends on the potential wall W, not just on the lattice 

U. 

Proof. Again, we only treat the case (c) of Proposition 6.3, the other cases being trivial. It is 
sufficient to prove that (vo,s) > and (vo,t) > 0. Assume (v,s) < 0. Then p s (v) = v — 
| (v, s)| • s is still in the upper right quadrant, with smaller x-coordinate than v, and with the same 
y-coordinate. Similarly if (v,t) < 0. If we proceed inductively, the procedure has to terminate, 
thus reaching vo- 

The uniqueness follows from Proposition 6.7 below. □ 

Assume additionally that 7~L admits infinitely many spherical classes, so we are in case (c) of 
Proposition 6.3. The hyperbola v 2 = —2 intersects the upper right quadrant x, y > in two 
branches, starting at s and t, respectively. Let sq = s,s_i,s_2> ... be the integral spherical 
classes on the lower branch starting at s, and ti = t,t2,t3,. . . be those on the upper branch 
starting at t, see also Figure 3. The Sj can be defined recursively by s_i = p s (t), and s^^i = 
/°s fc (sfc + i) for k < —1; similarly for the tj. 

Proposition 6.7. Given a minimal class vq of a G-^ -orbit, define v.; , i G Z via Vj = pt t ( Vj_ i ) for 

i > 0, and Vj = p Si+1 (vj+i)/or i < 0. Then the orbit G.vq is given by {vj : i G Z}, where the 
latter are ordered according to their slopes in R 2 . 

Note that these classes may coincide pairwise, in case vo is orthogonal to s or t. 

Proof. The group G% is the free product 1,2*^2, generated by p s and p t . It is straightforward to 
check that with Vj defined as above, we have 

V_i=p s (v ), V_ 2 = PsPt(vo), V_3 = p s ptPs(vo),- • • , 

and similarly vi = pt(^o) and so on. This list contains g(vo) for all g G Z2 * Z2. That the Vj are 
ordered by slopes is best seen by drawing a picture; see also Figure 3. □ 
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Figure 3. The orbit of v 



For i > 0, let € Vq(1) be the unique er + -stable object with v(T i + ) = tjj similarly for 
with v(5 t + ) = Sj for i < 0. We also write Tp and Sr for the corresponding <r_-stable objects. 

Proposition 6.8. Let W be a potential wall, and assume there is an effective spherical class 
s G Cyy vcifA (v, s) < 0. Then W ?j a totally semistable wall. 

Additionally, let vo be the minimal class in the orbit Gy, . v, and write v = v; as in Proposition 
6.7. If(p + (v) > (p + (v ), then 

ST T + o ST T + o • • • o ST T + (Eq) 
1 i 1 i-i A i 

is o~ + -stable of class v, for every o^-stable object Eq of class ~vq. 
Simlarly, if(j) + (v) < c/) + (vq), then 

ST~l oST-i o...oST-l(E ) 

°-l + l °-l+2 °0 

is o~ + -stable of class vfor every ao-stable object of class vq. 
The analogous statement holds for <r_. 

Note that when we are in case (b) of Proposition 6.3, the above sequence of stable spherical 
objects will consist of just one object. 

Before the proof, we recall the following statement (see [BM1 1, Lemma 5.9]): 

Lemma 6.9. Assume that A, B are simple objects in an abelian category. If E is an extension of 
the form 

A^E^B® r 

with Hom(B, E) = 0, then any quotient of E is of the form B® r ' . Similarly, given an extension 

A® r E^ B 

with Hom(S, A) = 0, then any subobject of E is of the form A® r ' . 

Proof. We consider the former case, i.e., an extension A E -» B® r ; the latter case follows by 
dual arguments. Let E -» N be any quotient of E. Since A is a simple object, the composition 
tp : A E -» N is either injective, or zero. 

If ij) = 0, then N is a quotient of B® r , and the claim follows. If ip is injective, let M be the 
kernel of E -» N. Then Mfli = 0, and so M is a subobject of B® r . Since B is a simple object, 
M is of the form B® r for some r' < r; since Hom(i3, E) = 0, this is a contradiction. □ 
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Proof of Proposition 6.8. Consider the first claim. By Lemma 6.2, there is a a^-stable spheri- 
cal object S with (v(5),v) < 0. If E is a a^-stable object of class v, then Horn (5, E) = 
Hom(F, S) = 0; hence (v(5), v) = ext^S, E) > 0, a contradiction. 

To prove the construction of <r + -stable objects, let us assume that we are in the case of infinitely 
many spherical classes. Let us also assume that + (v) > </> + (vo), the other case is analogous; in 
the notation of Proposition 6.7, this means v = v/ for some I > 0. We define Ei inductively by 

Ei = ST T + (£i_i). 

i 

By the compatibility of the spherical twist STg with the reflection p Y f§^ and Proposition 6.7, we 
have v(.Ej) = Vj. Lemma 6.9 shows that E\ is <r + -stable; however, for the following induction 
steps, we cannot simply use Lemma 6.9 again, as neither Ei nor are simple objects in Vq{\)- 
Instead, we will need a slightly stronger induction statement. Using Proposition 5.1, in partic- 
ular part (b), we can define a torsion pair (7i, Ti) in A® := V®{1) as follows: we let T% be the 
extension closure of all cx + -stable objects F G Aq with 4> + (F) > + (tj + i); by Theorem 2.13, % 
is the extension-closure % = (T^ , . . . , Then let At = (J^, %[— 1]) (see Figure 4). We can 
also describe A+i inductively as the tilt of A% at the torsion pair (T, F) with T = (T^)® and 

Induction claim: We have Ei £ Fi, and both Ei and are simple objects of A%. 

By construction of the torsion pair {%, Ti), this also shows that Ei is <r + -stable. 

The case i = follows by the assumption that £o is a^-stable. To prove the induction step, 
we first consider T^, v By stability, we have G 7/ 1 = J^. Using stability again, we also 
see that any non-trivial quotient of contained in 71, so is a simple object of T{. Since 
lii is stable of maximal slope in T%, there also cannot be a short exact sequence as in ( 13) below. 
Therefore, Lemma 6.10 shows that T£, x is a simple object of A4. 

Since Ei (by induction assumption) is also a simple object in Ai, this shows Hom(£j, ^+1) = 
Rom(T+ +v Ei) = 0. Therefore, RHom(i;+ 1 , Ek) = Ext 1 ^^, F;)[-l], and^+i = ST^-Ej) 
fits into a short exact sequence 

O^Ei^ E l+1 -» 2^ ® Ext 1 {T+^Ei) -> 0. 
In particular, Fj+i is also an object of .Aj. Note that 

KRom(T+E i+ i) = RHom(STli (T^STl} (F m )) = RHom(:T+ [1], Ek) 

i + l i+1 

is concentrated in degree -2; this shows both that Ei+\ G (T^) 1 - C Ai, and that there are no 
extensions F,, + i ^ F' -» T®^ v Applying Lemma 6.10 via the inductive description of Ai+i as a 
tilt of Ai, this proves the induction claim. □ 

Lemma 6.10. Let (T,F) be a torsion pair in an abelian category A and let F G F be an 
object that is simple in the quasi-abelian category F, and that admits no non-trivial short exact 
sequences 

(13) O^F-^F'^T^O 

with F' G F and T G T. Then F is a simple object in the tilted category A^ = (F, 7~[— 1]). 

Proof. Consider a short exact sequence A F -» B in AK The long exact cohomology se- 
quence with respect to A is 

-»• H° A (A) ^ F ^ F' -» %\{A) -> 
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with T-Lj^(A) G F,F' G F and %\{A) G T ■ Since F is a simple object in F, we must have 
Ti^(A) = 0. Thus we get a short exact sequence as in (13), a contradiction. □ 

7. DlVISORIAL CONTRACTIONS IN THE NON-ISOTROPIC CASE 

In this section we examine Theorem 5.7 in the case of divisorial contractions when the lattice 
does not contain isotropic classes. The goal is to prove the following proposition. 

Proposition 7.1. Assume that the potential wall W is non-isotropic. Then W is a divisorial 
contraction if and only if there exists a spherical class s G T~Lw with (s, v) = 0. If we choose s to 
be effective, then the class of the contracted divisor D is given by D = 9{s). 

If S is a stable spherical object of class v(S') = s, then D can be described as a Brill-Noether 
divisor of S: it is given either by the condition Hom(S', ) ^ 0, or by Hom( , S) ^ 0. 

One can use more general results of Markman in [Mar09] to show that a divisorial contraction 
implies the existence of an orthogonal spherical class in the non-isotropic case. We will instead 
give a categorical proof in our situation. 

We first treat the case in which there exists a o^-stable object of class v: 

Lemma 7.2. Assume that % is non-isotropic, and that W is a potential wall associated to%. Ifv 
is a minimal class of a G-^-orbit, and if there is no spherical class s G "Hyv with (s, v) = 0, then 
the set o/Vo-stable objects in M a+ (v) has complement of codimension at least two. 

In particular, W cannot induce a divisorial contraction. 

Proof. The argument is similar to Lemma 6.5; an additional ingredient is Namikawa's and Wierzba's 
characterization of divisorial contractions recalled in Theorem 3.6. 

For contradiction, assume that there is a divisor D C M u+ of objects that are strictly semistable 
with respect to do- Let morphism 7r + : M a+ — > M be the morphism induced by £ ao ; it is either 
an isomorphism or a divisorial contraction. Let D C M a+ be an irreducible divisor of strictly 



28 



AREND BAYER AND EMANUELE MACRI 



co-semistable objects. The morphism tt + may are may not be contracted by 7r + ; by Theorem 3.6, 
we have dim7r + (L>) > dim!? — 1 = dimM CT+ (v) — 2 = v 2 in either case. 

On the other hand, consider the restriction of the universal family £ on M a+ (v) to the divisor 
D, and its relative Harder-Narasimhan filtration with respect to cr_. As before, this induces a 
rational map 

HNd : D — > M CT _(a x ) x ••• x M CT _(a ; ). 

Again, let I C {1, ... , /} be the subset of indices i with a? > 0, and a = Yliei a «- The proof 
based on Figure 2 still applies, and shows a 2 < v 2 . 

If I {1,...,/}, there exists a class slj appearing in the Harder-Narasimhan filtration of the 
form 8lj = ras, s 2 = —2. Under the assumptions, we now have the strict inequality (s, v) > 0, 
from which we obtain a 2 < (v — s) 2 < v 2 — 3. 

Otherwise, if I = {1, ... , /}, we have |/| > 1, and we can apply Lemma 6.4; in either case we 
obtain 

i 

]T dim MCT _ (ai) = ^(a 2 + 2) < v 2 = dim^+p). 

i=l iel 

As before, this is a contradiction to the observation that any curve contracted by HNrj is also 
contracted by tt + . □ 

The case of totally semistable walls can be reduced to the previous one: 

Corollary 7.3. Assume that % is non-isotropic, and that there does not exist a spherical class s G 
% with (s, v) = 0. Then a potential wall associated to % cannot induce a divisorial contraction. 

In fact, we will later see that all potential walls associated to Ti are mapped to the same wall in 
the movable cone of the moduli space; thus they have to exhibit idential birational behavior. 

Proof. As before, consider the minimal class vo of the orbit G^.v, in the sense of Definition 
6.6. By Lemma 7.2, there is an open subset U C M CT+ (vo) of objects that are unstable that has 
complement of codimension at least two. 

Let $ be the composition of spherical twists given by Proposition 6.8, such that ^(Eq) is (Te- 
stable of class v for every [Eq] G U. Observe that &(Eq) has a Jordan-Holder filtration such 
that Eq is one of its filtration factors (the other factors are stable spherical objects). Therefore, 
the induced map : U — > M a+ (v) is injective, and the image does not contain any curve of 
S-equivalent objects with respect to o~q. Also, $*(J7) has complement of codimension at least two 
(see e.g. [GHJ03, Proposition 21.6]). Since £ ao does not contract any curves in <£*([/), it cannot 
contract any divisors in M a+ (v). □ 

The next step is to construct the divisorial contraction when there exists an orthogonal spherical 
class. To clarify the logic, we first treat the simpler case of a wall that is not totally semistable: 

Lemma 7.4. Assume T~L is non-isotropic, W a potential wall associated to T~L, and that v is a 
minimal class of a G-^-orbit. If there exists a spherical class s G H with (s, v) = 0, then W 
induces a divisorial contraction. 

If we assume that s is effective, then the contracted divisor D C M a (v) has class 9(s). The 
HN filtration of a generic element [E] G D with respect to <t_ is of the form 

0-^S^E^F-^O or 0-^F^E^S-^O, 

where S and F are o^-stable objects of class s and v — s, respectively. 
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Proof. As before, we only treat the case when % admits infinitely many spherical classes. In that 
case, we must have s = s or s = t; we may assume s = s, and the other case will follow by dual 
arguments. 

We first prove that v — s is a minimal class in its G% -orbit by a straightforward computation. 
If v 2 = 2, then (v — s) 2 = in contradiction to the assumption; therefore v 2 > 4. If we write 
v = xs + yt, then (v, s) = gives y = ^x. Plugging in v 2 > 4 gives x 2 (l — -4y) > 2. Since 
m > 3, we obtain 

^i-4Y>^i-4U>i, 



m 2 J \ m 2 J 2 

and therefore 

2 / 4 \ 

(t, v — s) = m(x — 1) — 2 — x = mx 1 r — m > 0. 

m \ m z J 

Also, (s, v — s) = 2 > 0, and therefore v — s has positive pairing with every effective spherical 
class. 

By Lemma 6.5, the generic element F G M a+ (v — s) is also o^-stable. Since (s, v — s) = 2 
and Hom(F, S) = Hom(S', F) = 0, there is a family of extensions 

0^S^E p ^F^0 

parametrized by p G P 1 = P(Ext 1 (F, S)). By Lemma 6.9, they are <r + -stable. Since all E p 
are S-equivalent to each other, the contraction morphism tt + : M a+ (v) — > M associated to W 
will contract the image of this rational curve. Varying F G M**(v — s), these span a family of 
dimension 1 + (v — s) 2 + 2 = v 2 + 1; this is a divisor in M CT+ (v) contacted by tt + . 

Since ir + has relative Picard-rank equal to one, it cannot contract any other component. □ 

The following lemma treats the general case, for which we will first set up notation. As before, 
we let vo be the minimal class in the G-^-orbit of v. By §o we denote the effective spherical class 
with (vo, §o) = 0; we have §o = t or so = s. Accordingly, in the list of the G-^-orbit of v given 
by Proposition 6.7, we have either V2% = V2%+i, or V2i = f2i-i for all i, since vo is fixed under the 
reflection pg at sq. We choose I such that v = v^, and such that the corresponding sequence of 
reflections sends so to s: 

~ _ j Pti-i ° ■ ■ ■ ° Pt (so) if I > 



o • • • o 



p s _ 1 (s ) ifZ<0 



Depending on the ordering of the slopes ^ + (v), 4> + (vo), we let $ be the composition of spherical 
twists appearing in Proposition 6.8. 

Lemma 7.5. Assume that % is non-isotropic, and W a corresponding potential wall. If there is 
an effective spherical s G Cyy with (v, s) = 0, then W induces a divisorial contraction. 

The contracted divisor D has class 6(s). The Jordan-Holder filtration of a generic element 
E G D is a refinement of a short exact sequence of the form 

(14) 0-^S^E^F-^0 or 0->F^E^>S->0, 

where F and S are a ^-stable objects of class v — s and s, respectively. 

In addition, there exists an open subset U + C M a+ (vq), with complement of codimension two, 
such that Q(Eq) is a + -stable for every a + -stable object Eq G U. 
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Proof. We rely on the construction in the proof of Proposition 6.8, and in particular on the induc- 
tion claim proved therein. 

Let So be the stable spherical object of class so ; we have Sq = S or Sq = T. As in the proof of 
Lemma 7.4, one shows that vo — so is the minimal class in its G-^-orbit. 

Let Fo be a generic ao-stable object of class vo — So. Applying Proposition 6.8 to the class 
v — s, we see that F := 3>(Fq) is er+ -stable of that class. 

Up to duality, we may again assume that $ is of the form ST^ o • • • o ST T + . Inductively, one 

' 1 

shows that <&(£) = T^ +1 and <J>(T) = 1]. These are both simple objects of the category Ai 
defined by tilting in the proof of Proposition 6.8; therefore, S := 3>(So) is simple in Ai. By the 
induction claim, F = $(Fq) is also a simple object in this category. In particular, Hom(5, F) = 
Hom(F, S) = and ext 1 (S, F) = 2. Applying Lemma 6.9 again, and using the compatibility of 
Ai with stability, we obtain a stable extension of the form (14). 

This gives a divisor contracted by ir + , and we can proceed as in the previous lemma. 

Let Dq C M ct+ (vo) be the contracted divisor for the class Vo. The above proof also shows 
that for a generic object Eq € Do (whose form is given by Lemma 7.4), the object 3>(Eq) is a 
cr + -stable (contained in the contracted divisor D). Thus we can take U + to be the union of all 
ao-stable objects in M a+ (vo), with the open subset of Dq of objects of the form given in Lemma 
7.4. ' ! " □ 

Proof of Proposition 7.1. The statements follow from Corollary 7.3 and Lemma 7.5. □ 



8. Isotropic walls are Uhlenbeck walls 

In this section, we study potential walls W in the case where % admits an isotropic class 
w G T-L,w 2 = 0. Following an idea of Minamide, Yanagida, and Yoshioka [MYYllb], we study 
the wall W via a Fourier-Mukai transform after which w becomes the class of a point. Then a + 
corresponds to Gieseker-stability and, as proven in [Lol2], the wall corresponds to the contraction 
to the Uhlenbeck compactification, as constructed by Jun Li in [Li93]. 

Parts of this section are well-known. In particular, [Yos99, Proposition 0.5] deals with the 
existence of stable locally-free sheaves. For other general results, see [YosOl]. 

The Uhlenbeck compactification. We start with the following observation: 

Lemma 8.1. Assume that there exists an isotropic class in T~L. Then there are two effective, prim- 
itive, isotropic classes wo and wi in %, such that, for a generic stability condition o~o £ VV, we 
have 

(a) M ao (w ) = M^(w ), and 

(b) either M CT0 (wx) = MJ*(wi), or there exists a ao-stable spherical object S, with Mukai 
vector s, such that (s, wi) < and W is a totally semistable wall for w\. 

Any positive class v' E P% satisfies (v', Wj) > Ofor i = 1, 2. 

Proof. Let w G % be primitive isotropic class; up to replacing w by — w, we may assume it to be 
effective. We complete w to a basis {v, w} of Hq. Then, for all (a, b) G Q, we have 

(av + 6w) 2 = a • (av 2 + 6(v, w)) . 

This shows the existence of a second integral isotropic class. If we choose it to be effecitve, then 
the positive cone, generated by is exactly the cone M>o • wo + M>o • wi; from this, the claim 
(v',Wj) > follows easily. 
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By Theorem 2.13, we have M CT0 (w) 7^ 0. If W does not coincide with a wall for w, then we 
can take wo = w, and claim (a) will be satisfied. 

Otherwise, let a G Stab^(X, a) be a generic stability condition nearby W; by [BM12, Lemma 
6.2], we have M a (w) = M**(w) 7^ 0. 

Up to applying a Fourier-Mukai equivalence, we may assume that w = (0, 0, 1) is the Mukai 
vector of a point on a twisted K3 surface; then we can apply the classification of walls for isotropic 
classes in [Bri08, Theorem 12.1], extended to twisted surfaces in [HMS08]. If W is a totally 
semistable wall for w, then we are in cases (A + ) and (A~) of [Bri08, Theorem 12.1]. Hence, 
there exists a spherical uo-stable twisted vector bundle S such that S or S[2] is a JH factor for 
the skyscraper sheaf k(x), for any x G M CT (w). Moreover, the other non-isomorphic JH factor 
is either STg(A;(a;)), or ST (k(x)). In both cases, the Mukai vector wo of this last JH factor is 
primitive and isotropic, and W is not a wall for Wo. 

Finally, if W is a wall for w, but not a totally semistable wall, it must be a wall of type (Cfc). 
However, the rank two lattice corresponding to a wall of type (Cy is negative semi-definite; on the 
other hand, by Proposition 5.1, claim (d), it must coincide with H, which has signature (1, — 1); 
this is a contradiction. □ 

Let wo, wi G Cyy be the effective, primitive, isotropic classes given by the above lemma, and 
let Y := M CT0 (w ). Then Y is a K3 surface and, by [Muk87a, Cal02, Yos06, HS06], there exist a 
class a' G Br(Y) and a Fourier-Mukai transform 

D b (X,a) ^D b (Y,a') 

such that $(wo) = (0,0,1). By construction, skyscraper sheaves of points on Y are <3?*(<7o)- 
stable. By Bridgeland's Theorem 2.7 (generalized to twisted K3 surfaces in [HMS08]), there exist 
divisor classes uj, (3 G NS(Y)q, with uj ample, such that up to the GL2-action, $*(<7o) is given by 
cr w ,p- In particular, the category V w ^{\) is the extension-closure of skyscraper sheaves of points, 
and the shifts F[l] of ^-stable torsion-free sheaves F with slope ^ui,p{F) = lo ■ (3. Since o"o by 
assumption does not lie on any other wall with respect to v, the divisor uj is generic with respect 
to $*(v). 

By abuse of notation, we will from now on write (X, a) instead of (Y, a'), v instead of ^*(v), 
and do instead of a w p. Let a + = au),/3-e and cr_ = cr Wj ^ +<: ; here e is a sufficiently small positive 
multiple of uj. 

Proposition 8.2 ([Lol2, LQ1 1]). An object of class v is a ^-stable if and only if it is the shift F[l] 
of a (3-twisted Gieseker stable sheaf F on (X, a); the shift [1] induces the following identification 
of moduli spaces: 

M CT+ (v) = M Wjj8 (-v). 

Moreover, the contraction morphism ir + induced via Theorem 2.16 for generic do G W is the 
Li-Gieseker-Uhlenbeck morphism to the Uhlenbeck compactification. 

Finally, an object F of class v is a ^-stable if and only if it is the shift F v [2] of the derived dual 
of a (— j3)-twisted Gieseker stable sheaf on (X, —a). 

Proof. The identification of M a+ (v) with the Gieseker-moduli space is well-known, and follows 
with the same arguments as in [Bri08, Proposition 14.2]. The identification of 7r + with the mor- 
phism to the Uhlenbeck space follows from the combination of [Lol2, Theorem 3.1] with Theorem 
2.16. 

The claim about F w [2] being cr_-stable follows by combining Proposition 2.10 with the previ- 
ous statements (see also see [MYYlla, Proposition 2.2.7] in the case a = 0). □ 
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In other words, the coarse moduli space M (T0 (v) is isomorphic to the Uhlenbeck compacti- 
fication ([Li93, Yos06]) of the moduli space of slope-stable vector bundles on (X, a). Given 
a (twisted) Gieseker-stable sheaf F £ M w ^(— v), the <r + -stable object F[l] becomes strictly 
semistable with respect to <7o if and only if F is not locally free, or if F is not slope-stable. 

In particular, when the rank of — v equals one, then the contraction morphism ir+ is the Hilbert- 
Chow morphism Hilb n (X) -»■ Sym n (X); see also [BM12, Example 9.1]. 

Totally semistable isotropic walls. The goal of this section is to estimate the locus in M a+ (v) = 
Mlu{— v) of sheaves which are neither slope-semistable nor locally-free. We start with the exis- 
tence of a unique spherical stable object in the case the wall is totally semistable: 

Lemma 8.3. Assume that W is a totally semistable wall for v. 

(a) There exists a unique spherical unstable object S £ V ao (l). 

(b) Let E £ M<j + (v) be a generic object. Then its HN filtration with respect to <r_ has length 
2 and takes the form 

(15) S® a ^E^F, or F^E^S® a , 

with a £ Z>o- The a --semistable object F is generic in M a _ (v'), for v' := v(i ? ), and 
dim M a _ (v') = dim M a+ (v) = v 2 + 2. 

The idea of the proof is very similar to the one in Lemma 6.5. The only difference is that we 
cannot use a completely numerical criterion like Lemma 6.4 and we will replace it by Mukai's 
Lemma 6.1. 

Proof of Lemma 8.3. We first prove (a). We consider again the two maps 

vr+: Af CT+ (v) ->M, 

HN: M CT+ (v) M CT _(ai) x • • • x M a _(a m ). 

The first one is induced by £ aQ and the second by the existence of relative HN nitrations. By 
[HL10, Section 4.5], we have, for all i = 1, . . . , m and for all Ai £ M ff _ (aj), 

dimM (T _(ai) < ext 1 ^, Aj). 

Hence, by Mukai's Lemma 6.1, we deduce 

m 

(16) dim M a+ (v) > ^ dim M CT _ (a< ) . 

i=i 

Equation (16) is the analogue of (12) in the non-isotropic case. Since any curve contracted by HN 
is also contracted by n + , it follows that 

m 

^2 dim m <j- ( a i ) > dim M = dim M u+ ( v) . 

»=i 

Therefore equality holds, and HN is a dominant map. 
This shows that the projections 

M CT+ M (J _(a i ) 

are dominant. By Theorem 3.8, M CT (aj) has symplectic singularities. Hence, we deduce that 
either M a _ (aj) is a point, or dim M a _ (aj) = dim M a+ (v) = v 2 + 2. Since m > 2, by Lemma 
6.2 this shows the existence of a spherical cro-stable object in 7^(1). By Proposition 6.3, there 
can only be one such spherical object. 
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To prove (b), we first observe that by uniqueness (and by Lemma 6.2 again), all cr_-spherical 
objects appearing in a HN filtration of a generic element E G M a+ (v) must be co-stable as well. 
As a consequence, the length of a HN filtration of E with respect to cr_ must be 2 and have 
the form (15). Since the maps M a+ — > M CT _(aj) are dominant, the -semistable object F is 
generic. □ 

We can now prove the first implication for the characterization of totally semistable walls in the 
isotropic case. We let s := v(5), where S is the unique o"o-stable object in V ao (l). 

Proposition 8.4. Let W be a totally semistable wall for v. Then either there exist an isotropic 
vector w with (w, v) = 1, or the effective spherical class s satisfies (s, v) < 0. 

Proof. We continue to use the notation of Lemma 8.3. In particular, consider v' = v — as with 
a > 0. 

If (v') 2 > 0, then by Lemma 8.3 and Theorem 2.13(b), we have (v') 2 = v 2 . Since v' = 
v — as, a > 0, this implies (s, v) < 0. 

So we may assume v /2 = 0. Then v 2 = + 2a(v', s) — 2a 2 , and it follows that (v ; , s) > 0. In 
the notation of Lemma 8.1, this means that v' is a positive multiple of wo, which we can take to 
be the class of a point: v' = cwo = c(0, 0, 1). 

Then the coarse moduli space M ao (v') is the symmetric product Sym c X; if we define n by 
v 2 = 2n — 2, then the equality of dimensions in Lemma 8.3 becomes c = n. Therefore 

2n — 2 = v 2 = (as + nwo) 2 = —2a 2 + 2ara(s, wo) 

or, equivalently, 

(17) a(n(s, wo) — a) = n — 1. 

Recall that (s, wo) > 0; by the geometric-arithmetric mean inequality, this implies (s, wo) = 1. 
(Concretely, this means the spherical object S is the shift of a line bundle.) 

In this case, solving (17) for a gives the two solutions a = 1 and a = n — 1. In the former case, 
(v, wo) = 1. In the latter case, observe that wi = wo + s, and (v, wi) = 1 follows directly. □ 

The converse statement follows from Proposition 6.8 above, and Lemma 8.5 below. 

Lemma 8.5. Let W be a potential wall. If there exists an isotropic class w 6 "Hyy with (w, v) = 
1, then W is a totally semistable wall. 

Proof. Note that by Lemma 8.1, the primitive class w is automatically effective. Let o~q £ W be 
a generic stability condition. If Af**(w) ^ 0, then we can assume w = (0,0, 1). In this case 
—v has rank one, M u+ (v) is the Hilbert scheme, and W is the Hilbert-Chow wall discussed in 
[BM12, Example 9.1]; in particular, it is totally semistable. 

Otherwise, MJ*(w) = 0; hence, in the notation of Lemma 8.1, we are in the case w = wi, and 
there exists a ao-stable spherical object S, with Mukai vector s, such that (s, wi) < 0. 

Write wi = wo + rs, where r = (s, wo) £ %>>o- Then 

1 = (v,wi) = (v,w ) + r(v,s). 

By Lemma 8.1, (v, wo) is strictly positive, and so (v, s) < 0. If the inequality is strict, Proposition 
6.8 applies. Otherwise, (v, s) = and (v, wi) = (v, wo) = 1; thus we are again in the case of 
the Hilbert-Chow wall, and W is a totally semistable wall for v. □ 



34 



AREND BAYER AND EMANUELE MACRI 



Divisorial contractions. We now deal with divisorial contractions for isotropic walls. The case 
of a flopping wall, a fake wall, and no wall will be examined in Section 9. 

Proposition 8.6. Let W be a wall inducing a divisorial contraction. Assume that (v, w) 7^ 1, 2, 

for all isotropic vectors w € 77. Then there exists an effective spherical class s 6 77 with 
(s,v) = 0. 

Proof. The proof is similar to the one of Lemma 7.2: in particular, we are going to use Theorem 
3.6. Let D C M a+ (v) be an irreducible divisor contracted by ir + : M a+ (v) — > M. We know that 
dim7r + (7?) = v 2 . Consider the rational map 

HN D : D — > M a _ (ai) x • • • x M a _ (a z ) 

induced by the relative HN filtration with respect to er_. We let 7 C {1, ...,/} be the subset of 
indices i with af > 0, and a = Yliel a «- 

Step 1. There exists an effective spherical class s € 77. 

Indeed, assume for a contradiction that it does not exist. Then we can write v = nowo + 
n,]Wi + a, with (wo, wi) > and (v, Wj) > 3, for i = 0,1. We have 

a 2 = (v — nowo — niwi) 2 = v 2 — 2no(v, wo) — 2n\(y, wi) + 2noni(wo, wi) 
= v 2 - n (2(v, w ) - (niwi,w )) - m(2(v,Wi) - (n w Q ,Wi)). 

But (_, Wj) is positive on effective classes, for i = 0,1. Hence, (v,Wo) > (mwi,wo) and 
(v,wi) > (noWo,wi). Therefore, 

a 2 < v 2 - n ((v,w ) + 1) - rai((v,Wi) + 1) < v 2 - 4n - 4m. 

So the dimension of M a _ (ai) x • • • x M a _ (aj) is bounded above by 

a 2 + 2 + 2n + 2m < v 2 - 2n - 2m < v 2 , 

a contradiction. 

Step 2. We have (s, v) < 0. 

Indeed, assume for a contradiction that (s, v) > 0. Then wi = p s (wo) and we can write 
v = as + 6wo + a. We have, as before, 

a 2 = (v — as — 6wo) 2 = v 2 — 2a(v, s) — 2a 2 — 26(v, wo) + 2a6(s, wo) 
= v 2 - 2a(v, s) - 2a 2 - 26((v, w ) - (as, w )) 
< v 2 - 2a(v, s) - 2a 2 - 26. 
Hence, the dimension of M a _ (ai) x • • • x M a _ (a/) is bounded above by 

a 2 + 2 + 2b < v 2 - 2o(v, s) - 2a 2 + 2 < v 2 , 

a contradiction. 

Step 3. We have (s, v) = 0. 

Indeed, assume for a contradiction that (s, v) < 0. By Proposition 6.8, W is a totally semistable 
wall for v. We consider v' = /? s (v) as in Lemma 8.3. The wall W induces a divisorial contraction 
for v if and only if it induces one for v'. But, since (v, w) 7^ 1,2, for all w isotropic, then 
(V , w) / 1, 2 as well. Moreover, (s, v') > 0. This is a contradiction, by Step 2. □ 

The converse of Proposition 8.6 is a consequence of the following three lemmata: 
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Lemma 8.7. Let W be a potential wall. Assume that (v, wo) = 2. Then W induces a divisorial 
contraction. 

Proof. By identifying Af (T+ (v) with M u))i a(— v), this follows if there is a divisor of w-Gieseker 
stable sheaves which are torsion-free but not locally-free. We can describe explicitly a contracted 
divisor of o"o-semistable objects as follows. Since (v, wo) = 2, we can assume that v has the form 
— (2, D, s), with D an integral divisor which is either primitive or D = 0. We can consider the 
vector v' = —(2,D, s + 1). By assumption, (v') 2 > —2, and so M u ,p(— v') ^ by Theorem 
2.13. Given any w-Gieseker stable sheaf F with vector v' and a point x £ X, the surjections 
F -» induce extensions 

fc(as) -> £[1] -> F[l] -> fc(s)[l] 

of objects in M CT+ (v) that are 5-equivalent wiht respect to cro- Dimension counting shows that 
they sweep out a divisor. □ 

Lemma 8.8. Let W be a potential wall. Assume that there exists an effective spherical class 
s E T~L such that (v, s) = 0. TTien W induces a divisorial contraction. 

Proof. Let 5 £ M ao (s) be the unique ero-stable spherical object with Mukai vector s. Consider 
the vector a = v — s. Then we have 

a 2 = (v - s) 2 = v 2 - 2 
(a,s) = -s 2 = 2. 

If v 2 > 2, then a 2 > 0. Since wi = 6s + wo, with b > 0, we have (wi,a) > (wo,a). If 
(wo,a) > 2, then W is not a totally semistable wall for a. Hence, given A £ M CTQ (a), all the 
extensions 

S^E^t A 

give a divisor D C M (J+ (v), which is a P 1 -fibration over M**(a) and which gets contracted by 
crossing the wall W. If (wo,a) = 1, then also (wo,s) = 1. Hence, — v has rank 2. Then W 
induces a divisorial contraction by Lemma 8.7. 

Finally, assume that v 2 = 2. Then a is an isotropic vector with (a, v) = (a, s) = 2. But this 
implies that (wo, v) = 1,2. The case (wo, v) = 2 is again Lemma 8.7; and if (wo, v) = 1, then 
— v has rank 1, and we are in the case of the Hilbert-Chow wall. □ 

Lemma 8.9. Let W be a potential wall. If there exists an isotropic class w such that (v, w) £ 
{1,2}, then W induces a divisorial contraction. 

Proof. By Lemma 8.1, the class w is automatically effective. By Lemma 8.7, the only remaining 
case is w = wi, with wi = as + wo and a > 0. By Lemma 8.8, we can assume that (s, v) / 0. 
If (s, v) > 0, then 

(wi,v) = o(s,v) + (w ,v) £ {1,2}. 

Since (wo,v) > and a > 0, this is possible only if (wq,v) = 1, which corresponds to the 
Hilbert-Chow contraction. 

Hence, we can assume (s, v) < 0. By Proposition 6.8, W is a totally semistable wall for v, and 
W induces a divisorial contraction with respect to v if and only if it induces one with respect to 
v' = p s (v). But then (v',Wo) = (v, wi) £ {1,2}. Again, we can use Lemma 8.7 to finish the 
proof. □ 



36 



AREND BAYER AND EMANUELE MACRI 



9. Flopping walls 

This section deals with the remaining case of a potential wall W: assuming that W does not 
correspond to a divisorial contraction, we describe in which cases it is a flopping wall, a fake wall, 
or not a wall. This is the content of Propositions 9.1 and 9.4. 

Proposition 9.1. Assume that W does not induce a divisorial contraction. If either 

(a) v can be written as the sum v = ai + a2 of two positive classes ai, &2 G P-h H %, or 

2 

(b) there exists a spherical class s G W w/?/z < (s, v) < 
f/jcrc W induces a small contraction. 

Lemma 9.2. Lef M be a lattice of rank two, and C C M ® M 2 be a convex cone not containing a 
line. If a primitive lattice element v G M H C caw fee written as the sum v = a + b of two classes 
in a, b G M n C, f/zerc z'f can /be written as a sum v = a' + b' of two classes a', b' G m n C 
in such a way that the parallelogram with vertices 0, a', v, b' does not contain any other lattice 
point besides its vertices. 

Proof. If the parallelogram 0, a, v, b contains an additional lattice point a', we may replace a by 
a' and b by v — a'. This procedure terminates. □ 

Lemma 9.3. Let a, b, v G 7i H Cyy be effective classes with v = a+ b. Assume that the following 
conditions are satisfied: 

• The phases of a, b satisfy </> + (a) < </> + (b). 

• The objects A, B are a ^-stable with v(A) = a, v(B) = b. 

• The parallegram inH®M with vertices 0, a, v, b does not contain any other lattice point. 

• The extension A > E -» B satisfies Hom(B, E) = 0. 

Then E is o~ + - stable. 

Proof. Let a^ be the Mukai vector of a Harder-Narashimhan filtration factor of E. By Proposition 
5.1 part (c) and Remark 5.3, we have a^ G 7~L. We have E G V+({4> + (a), 4> + (h)]), and hence 
aj is contained in the cone generated by a, b. Since the same holds for v — aj = J2j^i a j> a « i s 
in fact contained in the parallelogram with vertices 0, a, v, b. Since it is also a lattice point, the 
assumption on the parallelogram implies aj G {a, b, v}. 

Assume that E is not cr + -stable, and let A\ C E be the first HN filtration factor. Since 
</> + (ai) > c/> + (v), we must have ai = b. By the stability of A, B we have Hom(^4i, A) = 0, and 
Hom(Ai, B) = unless A\ = B. Either of these is a contradiction. □ 

Proof of Proposition 9.1. We first consider case (a), so v = ai + a2 with ai,a2 G Ph. Using 
Lemma 9.2, we may assume that the parallelogram with vertices 0, ai, v, a2 does not contain an 
interior lattice point. In particular, ai , a2 are primitive. We may also assume that cj) + (ai ) < 
+ (a2). By the signature of % (see the proof of Lemma 6.4), we have (ai, a2) > 2. By Theorem 
2.13, there exist cr + -stable objects Ai of class v(Ai) = a,. The inequality for the Mukai pairing 
implies ex.t 1 (A2, A\) > 2. By Lemma 9.3, any extension 

of A2 by A\ is <r + -stable of class v. As all these extensions are S-equivalent to each other with 
respect to q-q, we obtain a projective space of dimension at least two that gets contracted by tt + . 

Now consider case (b). First assume that s is an effective class. Note that (v — s) 2 > —2. 
Consider the paralleogram with vertices 0, s, v, v — s. If it contains additional lattice point a, 
then a simple computation shows a 2 > —2, i.e., a 2 > 0; thus v can be written as the sum 
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of positive classes, and the claim follows from the previous paragraph. Otherwise, observe that 
(s, v — s) = (s, v) + 2 > 2. If S is the c + -stable object of class s, and F any cr + -stable object of 
class v — s, then again ext 1 (5', F) = ext 1 (F, S) > 2. Thus, with the same arguments we obtain 
a family of er + -stable objects parametrized by a projective space that gets contracted by 7r + . 

We are left with the case where s is not effective. Set t = — s, which is an effective class. With 
the same reasoning as above, we may assume that the parallelogram with vertices 0, t, v, v — t 
contains no additional lattice points. Set v' = Pi(v) — t = v — ((s, v) + l)t. We have v /2 > — 2 
and (t, v') = (t, v) + 2 > 2. The lattice points in the parallelogram with vertices 0, ((t, v) + 
lit, v, v' are given by kv and v' + kv for k G Z, < k < (t, v) + 1 (otherwise, already the 
parallelogram with vertices 0, t, v, v — t would contain additional lattice points). 

Let T and F be <r + -stable objects of class t and v', respectively. Let us assume <^ + (t) > + (v), 
the other case being analogous. Any subspace QJ C Ext 1 (T, F) of dimension (t, v) + 1 defines 
an extension 

-)• F ^ E QJ -)• 

such that E is of class v(E) = v, and satisfies Hom(T, E) = 0. If E were not <r + -stable, then the 
class of the maximal destabilizing subobject A would have to be a lattice point in the parallelogram 
with vertices 0, ((t, v) + l)t, v, v'; therefore, v(A) = kt. The only <7+-semistable object of this 
class is T® fc , and we get a contradiction. Thus, we have constructed a family of <r + -stable objects 
of class v parametrized by the Grassmannian Gr((t, v) + l, ext 1 (T, F)) that become S-equivalent 
with respect to (To- □ 

It remains to prove the converse of Proposition 9. 1 : 

Proposition 9.4. Assume that W does not induce a divisorial contraction. Assume that v can 't be 
written as the sum of two positive classes in P%, and that there is no spherical class s G % with 

2 

< (s, v) < Tj-. Then W is either a fake wall, or not a wall. 

Proof. First consider the case where v = vo is the minimal class in its orbit G%.v. We will 
prove that every <r + -stable object E of class vo is also a^-stahle. Assume otherwise, that E is 
<j_ -unstable. Let ai , . . . , aj be the Mukai vectors of the HN filtration factors of E with respect 
to er_. If all classes a; are positive, a^ G P%, then we have an immediate contradiction to the 
assumptions. 

Otherwise, E must have a spherical destabilizing subobject, or a spherical destabilizing quo- 
tient. Let s be the class of this spherical object. If there is only one do -stable spherical object, then 

it is easy to see that vo — s is in the positive cone; therefore, (s, vo) < -# in contradiction to our 
assumption. 

If there are two o"o-stable spherical objects of classes s, t, consider the two vectors vo — s and 
vo — t. The assumptions imply (vo — s) 2 < —2 and (vo — t) 2 < —2; on the other hand, v — s 
is effective; using Lemma 6.2, this implies that vo — s or vo — t must be effective. We claim 
that this leads to a simple numerical contradiction. Indeed, (vo — t) 2 < —2 constrains vo to lie 
below a concave down hyperbola, and (vo — s) 2 < —2 to lie above a concave up hyperbola; the 
two hyperbolas intersect at the points and s + t. Therefore, if we write vo = xs + yt, we have 
x, y < 1. Thus, neither vo — s nor vo — t can be effective (see Figure 5). 

In the case where v is not minimal, v / vo, let $ be the sequence of spherical twists given by 
Proposition 6.8. Since the assumptions of our proposition are invariant under the Gy, -action, they 
are also satisfied by vo. By the previous case, we know that every <r + -stable objects Eq of class vo 
is also aQ-stable. Thus <3? induces a morphism : M CT+ (v ) — > M a+ (v); since is injective and 
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FIGURE 5 . The three hyperbolas in the proof of Proposition 9.4 

the two spaces are smooth projective varieties of the same dimension, it is an isomorphism. The S- 
equivalence class of Q(Eq) is determined by that of E$; since S-equivalence is a trivial equivalence 
relation on M a+ (vo), the same holds for M a+ (v), and thus ir + is an isomorphism. □ 

Proposition 9.4 finishes the proof of Theorem 5.7. 

10. Main theorems 

We will first complete the proof of Theorem 1.1. 

Proof of Theorem 1.1, part (b). We consider a wall W with nearby stability conditions a±, and 
do € W. Since M a± are i^-trivial varieties, it is sufficient to find an open subset U C M a± (v) 
with complement of codimension two, and an (anti-)autoequivalence $w of T) b (X, a), such that 
$w(E) is cj_ -stable for all E £ U. 

We will distinguish cases according to Theorem 5.7. First consider the case when W corre- 
sponds to a flopping contraction, or when W is a fake wall. If W does not admit an effective 
spherical class s £ Hyy with (s, v) < then we can choose U to be the open subset of o^-stable 
objects; its complement has codimension two, and there is nothing to prove. Otherwise, there 
exists a spherical object destabilizing every object in M a+ (v). Let vo E "Hyy be the minimal class 
of the G-^-orbit of v, in the sense of Definition 6.6. The subset U of a^-stable objects in M ao (vo) 
has complement of codimension two. Then the sequence of spherical twists of Proposition 6.8, 
applied for a + and cr_, identifies U with subsets of M a+ (v) and M CT _ (v) via derived equivalences 

$ + , then the composition &~ o (<I> + ) 1 has the desired property. 

Next assume that W induces a divisorial contraction. We have three cases to consider: 

Brill-Noether: Again, we first assume that there is no effective spherical class s with (s, v) < 0. 
The contracted divisor is described in Proposition 7.1, and the Harder-Narasimhan filtration 
of the destabilized objects in Lemma 7.4. We may assume that we are in the case where 

the Brill-Noether divisor in M CT+ (v) is described by Hom(S', ) ^ 0. Now consider the 

spherical twist ST^ at S, applied to objects E 6 M cr+ (v). Note that by (j + -stability, we have 
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Ext 2 (S,E) = Rom(E,S) v = for any such E; since (v(S),v(E)) = 0, it follows that 
hom(5,E) = ext 1 ^,^). 

If E does not lie on the Brill-Noether divisor, then RHom(5, E) = 0, and so ST^S) = E. 
Also, for generic such E (away from a codimension two subset), the object E is also cr_ -stable. 

If E is a generic element of the Brill-Noether divisor, then Hom(S, E) = C = Ext 1 (S, E), 
and hence we have an exact triangle 

S®S[-1]^E^ST § (E). 

Its long exact cohomology sequence with respect to the t-structure of cr induces two short 
exact sequences 

S^E and F <— » STg(E) -» S. 

By Lemma 7.5, the former is the HN filtration of E with respec to cr_; the latter is the dual 
extension, which is a c_-stable object by [BM12, Lemma 5.9]. 
Thus, in both cases, STg(E) is cj_ -stable, proving the claim. 

If instead there is an effective spherical class s with (s, v) < 0, we reduce to the previous 
case, similarly to the situation of flopping contractions: Let vo again denote the minimal class 
in the orbit G%.\; note that W also induces a divisorial contraction of Brill-Noether type 
for vo- In this case, Lemma 7.5 states that the sequence <I> of spherical twists identifies an 
open subset U + C M CT+ (vo) (with complement of codimension two) with an open subset of 
M ff+ (v); similarly for U~ C M a _(yo). Combined with the single spherical twist identifying 
a common open subset of M a± (vo), this implies the claim. 
Hilbert-Chow: As shown in Section 8, we may assume that shift by one identifies M a+ (v) with 
the Gieseker-moduli space M w {— v) of stable sheaves of rank one on a twisted K3 surface 
(Y, a'). After tensoring with a line bundle, we may assume that objects in M a+ (v) are exactly 
the shifts Iz\\] °f ideal sheaves of 0-dimensional subschemes Z C Y. 

In the setting of Proposition 8.2, we have /3 = 0. Since there are line bundles on (Y, a'), the 
Brauer group element a' is trivial. By the last statement of the same Proposition, the moduli 
space M a _ (v) parametrizes the shifts of derived duals ideal sheaf. Thus there is a natural 
isomorphism M cr _(v) = M (T+ (v) induced by the derived anti-autoequi valence (_) v [2]. 
Li-Gieseker-Uhlenbeck: We will argue along similar lines as in the previous case; unfortunately, 
the details are more involved. The first difference is that we can't assume j3 = 0. Instead, first 
observe that M a+ (y) = M Uj p(— v) is parametrizing /3-twisted Gieseker-stable sheaves F of 
rank 2 = (v, w), and of slope /U W (F) = u./3. If we assume u) to be generic, then Gieseker- 
stability is independent of the choice of j3; we can consider M CT+ (v) = M w (— v) to be the 
moduli space of shifts F[l] of w-Gieseker-stable sheaves F. 

Since (Y, a') admits rank two vector bundles, the order of a' in the Brauer group is one or 
two; in both cases, we can identify (Y, a') with (Y, —a'), and thus the derived dual E h-> E w 
defines an anti-autoequivalence of D b (Y, a'). 

Write —v as — v = (2, c, d), and let C be the unique line bundle with c\(L) = c. From the 
previous discussion it follows that <E>( ) = (_) v <8> C[2] is the desired functor: 

Indeed, any object in M CT+ (v) is of the form F[l] for a w-Gieseker stable sheaf F of class 
v. Then <&(F[1]) = F v ® £[1] the derived dual of a Gieseker-stable sheaf, and has class v. By 
Proposition 8.2, this is an object of M a _ (v). 

□ 

Consider two adjacent chamber C + ,C~ separated by a wall W; as always, we pick stability 
conditions a± G C , and a stability condition <tq € W. By the identification of Neron-Severi 
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groups induced by Theorem 1.1, we can think of the corresponding maps £± of equation (5) as 
maps 

^^-►NSCM^rv)). 
They can be written as the following composition of maps 

Stab(X, a) A H* lg (X, a,Z)®c4v i ^ NS(M CT+ (v)) 

where Z is the map defined in Theorem 2.8, / is given by I{£lz) = v) ' an(1 wnere $c± are 

the Mukai morphisms, as reviewed in Remark 2.14. 

Our next goal is to show that these two maps behave as nicely as one could hope; we will 
distinguish two cases according to the behaviour of the contraction morphism 

tt + : M a+ (v) -> M + 

induced by W via Theorem 2.16: 

Lemma 10.1. The maps £ + , £~ agree on the wall W (when extended by continuity). 

(a) (Fake or flopping walls) When ir + is an isomorphism, or a small contraction, then the 
maps £+,£- are analytic continuations of each other. 

(b) (Bouncing walls) When tt + is a divisorial contraction, then the analytic continuations of 
£ + ,£~ differ by the reflection pu in NS(M CT+ (v)) at the divisor D contracted by £ ao . 

Here "reflection at D" denotes the linear involution leaving D 1 - fixed, and sending D to — D. 
Markman proved in [Mar09] that such a reflection is an integral linear transformation, for any 
irreducible exceptional divisor on a hyperkahler variety ; of course in our situation, this statement 
can easily be deduced from the classification of divisorial contractions. 

As a consequence, walls of the former type (a) are fake walls when ir + is an isomorphism, or 
induce a flop when tt + is a divisorial contraction; for walls of the latter type (b), corresponding to 
a divisorial contraction, the moduli spaces M a+ ( v) , M a _ ( v) for the two adjacent chambers are 
isomorphic. 

Proof. We have to prove 9 C - = 9 C + in case (a), and 9 C - = po ° &c+ m case (W- We will always 
assume for simplicity that the two moduli spaces admit universal families; the arguments apply 
identically to quasi-universal families. 

Consider case (a). If the wall is not totally semistable, then the two moduli spaces M c ± (v) 
share a common open subset, with complement of codimension two, on which the two universal 
families agree. By the projectivity of the moduli spaces, the maps 8 C ± are determined by their 
restriction to curves contained in this subset; this proves the claim. If the wall is instead totally 
semistable, we additionally have to use Proposition 6.8. Let <I> + and <1> be the two sequences 
of spherical twists, sending uo-stable objects of class vo to <r+- and <r_-stable objects of class v, 
respectively. The autoequivalence inducing the birational map M a+ (v) — * M a _ (v) is given by 
<I>~ o As the classes of the spherical objects occurring in <£ + and <I>~ are identical, this 

does not change the class of the universal family in the i^-group; therefore, the Mukai morphisms 

8c+,8c- agree- 
Now consider the case of a Brill-Noether divisorial contraction; we first assume that there is 

no effective spherical class s' € Hyv with (s',v) < 0. The contraction induced by a spherical 

object S with Mukai vector s := v(S) G v . The class of the contracted divisor is 9(s). The 

universal families differ (up to a subset of codimension two) by the spherical twist STs( ). This 

induces the reflection at s in (X, a, Z); thus the Mukai morphisms differ by reflection at 9(s), 

as claimed. 
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If in addition to s g v 1 , there does exist an effective spherical class s' G %w with (s', v) < 0, 
we have to rely on the constructions of Lemma 7.5, as in the proof of Theorem 1.1. We have 
a common open subset U C M (T± (vo), such that the two universal families £ \y are related 
by the spherical twist at a spherical object So of class so- Let ^ be the sequences of spher- 
ical twists obtained from Lemma 7.5, applied to a + or cr-, respectively. Their induced maps 
$ ± : ff* lg (X, a, Z) — > Hl Xg (X, a, Z) on the Mukai lattice are identical, as they are obtained by 
twists of spherical objects of the same classes; it sends vo to v, and thus so to ±s. Therefore, the 
composition <I>~ o STs o(<I>+) _1 induces the reflection at s, as claimed. 

It remains to consider divisorial contractions of Hilbert-Chow and Li-Gieseker-Uhlenbeck type. 
We may assume M a+ (v) is the Hilbert scheme, or a moduli space of Giesker-stable sheaves of 
rank two. 

By the proof of Theorem 1.1, there is aline bundle C on X such that IL'HomM a± xx(£, (Px)*£[2\) 
is a universal family with respect to er_ on M a _ (v) = M a+ (v). We will compare 6 C ± by evaluat- 
ing its degree on a test curve C C M a± . Let i denote the inclusion i:CxX4 M a± x X, and 
by p the projection p: C x X — > X. This yields the following chain of equalities for a G v^: 

(18) e c -(a).C= (a,v(P**'*(0)) = (a,vfaRHomcxx(?e,O c ®m))) 

(19) = (a,v(p*-RHomcxx(i*£,u)c[2} 

(20) = (a, v(RHam x (p*i* 

(21) = (a v .chOC),v(zM*£)) = 9 C+ (a v • ch(£)) .C 

Here we used compatibility of duality with base change in (18), a 6 v 1 in (19), and Grothendieck 
duality in (20). In (21), we wrote a v for the class corresponding to a under duality (_) v , i.e., the 
class that agrees with a except for the sign of the component in the divisor part NS(JT). 

In the Hilbert-Chow case, with v = — (1,0,1 — n), the class of the contracted divisor D is 
proportional to (1,0, n — 1), and we have C = Ox', in the Li-Giesker-Uhlenbeck case, we can 

2 

write v = (2, c, d), the class of the contracted divisor as a multiple of (2, c, y — <i), and c\ (C) = c. 
In both cases, a direct verification shows that the reflection p£, is compatible with the above chain 
of equalities: p^)(a) = a v • ch(£). □ 

Proof of Theorem 1.2, (a), (b), (c). Lemma 10.1 proves part (a). Part (c) follows directly from the 
positivity ic{C) C AmpMc(v) once we have established part (b). 

Consider a big class in the movable cone, given as # CT (a) for some class a£v i ,a 2 >0;we 
have to show that it is in the image of I. Recall the definition of Vq (X, a) given in the discussion 
preceding Theorem 2.8. If we set = ia - ^ G H^ g (X, Z) ® C, then clearly ft' G T>(X, a). 
In case there is a spherical class s G i/* lg (X, a, Z) with ($7', s) = 0, we modify Q' a by a small 
real multiple of s to obtain SI G Vo(X, a), otherwise we set O a = 0' a ; in either case, we have 
£ Vo(X,a) with (f2 a , v) = —1 and QQ, a = a. In addition, the fact that 9(a) is contained in 
the positive cone gives f2 G Vq(X, a). 

Let f2 CT G Vq (X, a) be the central charge for the chosen basepoint a G Stab(X, a). Then 
there is a path 7 : [0, 1] — > Vq (X, a) starting at Q, a and ending at Q a with the following additional 
property: for all t G [0, 1], the class — ^^v)^ ^ s contame d in the movable cone of M CT (v). 

By Theorem 2.8, there is a lift a: [0, 1] -)■ Stab 1 ' (X, a) of 7 starting at cr(0) = a. By the 
above assumption on 7, this will never hit a wall of the movable cone corresponding to a divisorial 
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contraction; by Lemma 10.1, the map I extends analytically, with 8 a = 6 a tQ\ = 9 a ^y Therefore, 

4(i)(a(l)) = ^ (1) (a) = ^(a) 
as claimed. □ 

In fact, following [Marll, Section 6], one can use a Weyl group action on the positive cone 
to give a global description of the map I. As in [Marll, Definition 6.8], we denote by W^ c C 
Aut(NS(M CT (v))) the hyperbolic reflection group group generated by the reflections pn at excep- 
tional divisors D of divisorial contractions. 

We consider its action on the cone Pos(M CT (v)) of strictly positive divisors. The exceptional 
chamber of this Weyl group action is defined by (D,_) > for all exceptional divisors D. As 
explained by Markman, the general theory of hyperbolic reflection groups shows that this is a 
fundamental domain for Wexc- On the other hand, it coincides with the image of £; by Theorem 
1.2, the exceptional chamber is equal to the intersection of the movable cone with the big cone. 
This recovers [Marll, Lemma 6.22]. 

The exceptional chamber of a hyperbolic reflection group intersects every We X c -orbit exactly 
once. Thus there is a map 

W: Pos(M (7 (v)) -> Mo^(M a (v)) 

sending any class to the intersection of its W-Exc-orbit with the fundamental domain. Then Lemma 
10.1 and Theorem 1.2 immediately give the following: 

Theorem 10.2. The map £ of Theorem 1.2 can be given as the composition of the following maps: 

Stabt(X, a) A H* lg (X, a.ZjgcAv 1 ^ Pos(M (T (v)) ^> Mov(M ff (v)). 

To finish the proof of Theorem 1.2, (d), we have the following observation: 

Proposition 10.3. Let C C Stab^(X, a) be a chamber of the chamber decomposition with respect 
to v. Then the image of£c(C) C NS(Mc(v)) of the chamber C is exactly the ample cone of the 
corresponding moduli space Mc(v). 

Proof. In light of Theorems 2.15 and 1 .2, (a), (b), (c), the only potential problem is given by walls 
W C dC that do not get mapped to walls of the nef cone of the moduli space. These are totally 
semistable fake walls induced by an effective spherical class s G 7~Lvv with (s, v) < 0. The idea is 
that there is always a potential wall W', with the same lattice Hyy = 'H.yy, for which all effective 
spherical classes have positive pairing with v. By Theorem 5.7, W' is not a wall, and it will have 
the same image in the nef cone of Mc(v) as the wall W. 

Let do = (Zq, Vq) G W be a very general stability condition on the given wall: this means we 
can assume that T-lvv contains all integral classes a G H*y g (X, a, Z) with 3\Zo(a) = 0. If we write 

Zq( ) = (Oo, ) as in Theorem 2.8, we may assume that S7o is normalized by (f?o, v) = — 1 and 

fig = 0, i.e., (Jdn ,Qn ) = and (3f?fi ) 2 = (3^o) 2 (see [Bri08, Section 10]). We will now 

replace oo by a stability condition whose central charge has real part give by (— v, ), and identical 

imaginary part. 

To this end, let o\ G C be a stability condition nearby do, whose central charge is defined by 
S7i = S7o + it, where e G H* lg (X, a, Z) <g> R is a sufficiently small vector with (e, v) = 0; we 
may also assume that multiples of v are the only integral classes a G iJ*j g (X, a, Z) with with 
(Qffil, a) = 0. Let = — v + iQ'fii; then a straight-forward computation shows that the straight 
path connection Ui with &2 lies completely within Vq(X, a). Finally, let = — v + QQo; by 
Theorem 5.7, there are no spherical classes s G Hvv with (v, s) = 0, implying that the straight 
path from to SI3 is also contained in Vq (X, a). 
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By Theorem 2.8, there is a lift of the path Qq ^1 l— ^2 ^3 to Stab(X, a); let 02 and (73 
the stability conditions corresponding to Q2 and O3, respectively. By choice of e, we may assume 
that the paths h-> a\ and 02 o~ 3 do not cross any walls. Since (fii, v) = (fi2> v) = —1, and 
since the imaginary part on the path Ui \— > O2 is constant, the same holds for the path a\ 1— > 02. 
Hence (73 is in the closure of the chamber C. In particular, 0-3 lies on a potential wall of C with 
hyperbolic lattice given by Hyy; by construction, any spherical class s £ %yv with (v, s) < 
satisfies (SI3, s) > 0, and thus s is not effective. 

By Theorem 5.7, 03 does not lie on a wall. Since QO3 = QS7o> the images lc(?o) = ^(03) in 
the Neron-Severi group of Mc(v) agree. □ 

We conclude this section by proving Corollary 1.3. 

Proof of Corollary 1.3. We first prove the two implications. 

"<S=": Assume that ^ : B b (X) ^ B b (X') is a derived (anti-)equivalence such that 'J/* (v) = v'. 
Its associated Fourier-Mukai kernel induces a Hodge isometry ^ : H*(X, Z) — > H*(X',Z), 
sending v to v'. By Verbitsky's Torelli Theorem in the Hilb n (K3)-deformation type, the birational 
class of the moduli space is determined by the embedding v 1 - ^ H*(X), see [Marll, Corollary 
9.5 and Example 9.6]. 

"=>": Now assume that Mjj(v) is birational to M#/(v'). Applying the Torelli Theorem again, 
we obtain a Hodge isometry ip : H* (X, Z) if* (X' , Z). Since v and v' are primitive, this gives 
-0(v) = ±v'. Up to composing with the derived dual functor and the shift functor, we can assume 
that VK V ) = v ' and ift is orientation-preserving. By Mukai-Orlov's Derived Torelli Theorem (see 
[Orl97, HS06, HMS09]) for K3 surfaces, there exists a derived equivalence * : B b (X) ^> D b (X') 
such that ty* = tp. 

To prove the final claim, choose stability conditions a S StabpT), <r' G Stab(X') such that 
M(j(v) = Mff(v) and M CT '(v) = Mff'(v). By the construction of the derived equivalence ^, it 
is easy to see that ^*<7 is in the same connected component as a'. Thus we can apply Theorem 
1.1 to obtain an auto-equivalence $ of T) b (X') that sends a generic element of M^ <cr (v') to an 
element of M a i (v ; ). Then the composition $ o $ has the desired property. □ 

11. Application 1: L agrangi an fib rations 

In this section, we will explain how birationality of wall-crossing implies Theorem 1.5, verify- 
ing the Lagrangian fibration conjecture. 

One implication in Theorem 1.5 is immediate: if /: Mfj(v) — ■> Z is a rational abelian fibra- 
tion, then the pull-back f*D of any ample divisor D on Z has volume zero; by equation (6), the 
self-intersection of f*D with respect to the Beauville-Bogomolov form must also equal zero. 

We will prove the converse for any moduli space M a (y) of Bridgeland-stable objects on a 
(possibly twisted) K3 surface {X, a), under the assumptions that v is primitive, and a generic with 
respect to v. We will first restate carefully the argument establishing part (a) of Conjecture 1.4, 
which was already sketched in the introduction; then we will explain how to extend the argument 
to also obtain part (b). 

Assume that there is an integral divisor D on M CT (v) with q(D) = 0. Applying the inverse of 
the Mukai morphism 9 V of Theorem 3.5, we obtain a primitive vector w = 6^ 1 (D) G v- 1 with 
w 2 = 0. 

After a small deformation, we may assume that a is also generic with respect to w. As in 
Section 8, we consider the moduli space Y := M CT (w) of cr-stable objects, which is a smooth K3 
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surface. There is a derived equivalence 

(22) $ : D b (X, a) ^ D b (Y, a') 

for the appropriate choice of a Brauer class a' G Br(Y); as before, we have 3>*(w) = (0, 0, 1). 
By definition, $ induces an isomorphism 

(23) M ff (v)^M*, w (*(v)), 
where $(cr) is generic with respect to 3>(v). 

Lemma 11.1. T/je Mukai vector (v) ^as ra«& zero. 

Proof. This follows directly from $*(w) = (0, 0, 1) and (#*(w), $*(v)) = (w, v) = 0. □ 

We write $(v) = (0, C, s), with C G PicfY) and s G Z. Since v 2 > we have C 2 > 0. 

Lemma 11.2. After replacing <3? Zry the composition ^ o $, where ^ G Aut(D 6 (Y, a')), we may 
assume that C is ample, and that s^0. 

Proof. Up to shift [1], we may assume that iT'.C > 0, for a given ample class H' on Y. In 
particular, C is an effective class; it is ample unless there is a rational — 2-curve D C Y with 
CD < 0. Applying the spherical twist STe) D at the structure sheaf 4 of D replaces C its image C 
under the reflection at D, which satisfies CD > 0. This procedure terminates; indeed, the nef 
cone is the fundamental exceptional chamber of the Weyl group action generated by reflections at 
— 2-curves. 

Since tensoring with an (untwisted) line bundle on Y induces an autoequivalence of D fc (Y, a'), 
we may also assume s / 0. □ 

Let H' G Amp(y) be a generic polarization with respect to w. 

Lemma 11.3. The moduli space Mh' (v)) is non-empty and admits a structure of Lagrangian 
fibration. 

Of course, this is just a small (and well-known) generalization of Beauville's integrable system 
[Bea91]. 

Proof. The non-emptyness follows directly from [YosOl, Theorem 8.1]. The structure of La- 
grangian fibration is given as follows: 

Consider the line bundle L' on M' := M^/($(v)) given by 9 V ((0, 0, —1)). By an argument of 
Faltings and Le Potier (see [LP05, Section 1.3]), we can construct sections of L' as follows: for 
all y G Y, we define a section s y G H°(M', L') by its zero-locus 

Z(sy) := {E G M' : Rom(E,k(y)) ^ 0} . 

Whenever y is not in the support of E, then s y does not vanish at E; hence the sections {s y } y& Y 
generate L'. The image of E is determined by its set-theoretic support; hence the image of the 
map induced by V is the complete local system of C; by Matsushita's theorem [Mat99, MatOl], 
the map must be a Lagrangian fibration. □ 

Lemma 11.4. The stability condition <fr*a on D b (Y, a') is contained in the connected component 
Stab^Y, a') constructed in [Bri08, HMS08]. 



f Note that the restriction of a to any curve vanishes, hence the structure sheaf Od is a coherent sheaf on (Y, a). 
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Proof. By construction of the equivalence in (22), skyscraper sheaves of points are -stable; then 
the statement follows from [Bri08, Proposition 10.3]. In Lemma 11.2, we had to modify $ by a 
composition of spherical twists at structure sheaves of rational curves; by [Bri08, Section 12], this 
will not cause us to leave the connected component. □ 

By Remark 2.12, there exists a generic stability condition a' 6 Starr (Y", a') with the property 
that Mff/($(v)) = M CT /($(v)). On the other hand, by the birationaliy of wall-crossing, Theo- 
rem 1.1, the moduli spaces Mo-'($*(v)) and M^i^i^^iy)) are birational; combined with the 
identification (23), this shows that M a (y) is birational to a Lagrangian fibration. 

It remains to prove part (b), so let us assume that D is nef. Using the Fourier-Mukai transform 
<I> as above, and after replacing a by &*a, we may also assume that v has rank zero, and that 
w = 6^ 1 (D) is the class of skyscraper sheaf of points. Now consider the autoequivalence ^ 6 
Aut D (Y, a') of Lemma 11.2. Except for the possible shift [1], each autoequivalence used in the 
construction of >i? leaves the class w invariant. Thus, in the moduli space Af#„ (7 (\E r *v) = M CT (v), 
the divisor class D is still given by D = ±^, CT (w), up to sign. 

Let /: M a (v) — ■> M#(v) be the birational map to the Gieseker-moduli space M#(v) of 
torsion sheaves induced by a sequence of wall-crossings as above. The Lagrangian fibration 
Mh (v) — > P n is induced by the divisor 6h{— w). By Theorem 10.2, the classes f*D and 0jj(— w) 
are (up to sign) in the same WExc-orbit. Since they are both nef on a smooth K-trivial birational 
model, they are in the closure of the movable cone (and in particular, their orbits agree, not just up 
to sign). 

Now recall from the discussion preceding Theorem 10.2 that the exceptional chamber for the 
action of Wexc on the positive cone is a fundamental domain, which intersects every WExc-orbit 
exactly once. The same holds for the closure of the exceptional chamber and the action on the 
closure of the positive cone. Therefore, the classes f*D and 9h (— w) have to be equal. 

Since M CT (v) and Mji (v) are isomorphic in codimension two, the section rings of D and f*D 
agree. In particular, D is effective. The conclusion now follows, for example, by [Kaw85, Fuj 1 1]. 
This completes the proof of Theorem 1.5. 

Remark 11.5. In fact, the above proof shows the following two additional statements: 

(a) If D 6 NS(M(j(v)) with q(D) = lies in the closure of the movable cone, then there is 
a birational Lagrangian fibration induced by D. (In particular, D is movable.) 

(b) Any V^Exc-orbit of divisors on M ff ( v ) satisfying q(D) = contains exactly one movable 
divisor, which induces a birational Lagrangian fibration. 

12. Application 2: Mori cone, nef cone, movable cone, effective cone 

Let v be a primitive vector with v 2 > 0, let a be a generic stability condition with respect to 
v, and let M := M CT (v) be the moduli space of cr-semistable objects. In this section, we will 
completely describe the cones associated to the birational geometry of M in terms of the Mukai 
lattice of X. 

Recall that Pos(M) C NS(M)k denotes the (closed) cone of positive classes defined by the 
Beauville-Bogomolov quadratic form. Let Pos(M)q C Pos(M) be the subcone generated by 
all rational classes in Pos(M); it is the union of the interior Pos(M) with all rational rays in the 
boundary d Pos(M). We fix an ample divisor class Aon M (which can be obtained from Theorem 
2.15). 

In the following theorems, we will say that a subcone of Pos(M)q (or of its closure) is "cut 
out" by a collection of linear subspaces if it is one of the closed chambers of the wall-and-chamber 
decomposition of Pos(M)q whose walls are the given collection of subspaces. This is easily 
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translated into a more explicit statement as in the formulation of Theorem 12.1 given in the intro- 
duction. 

Theorem 12.1. The nef cone of M is cut out in Pos by all linear subspaces of the form fl(v 1 na 1 ), 
for all classes a G H*^(X, a, Z) satisfying a 2 > —2 and < (v, a) < 

Via the Beauville-Bogomolov form we can identify the group N± (M) of curves up to numerical 
equivalences with a lattice in the Neron-Severi group: Ni(M)q = (A rl (M) ( Q) V = N 1 (M)q. In 
particular, we get an induced rational pairing on Ni (M) ; we then say that the cone of positive 
curves is the cone of classes [C] G Ni(M)jt with (C, C) > and C.A > 0. Also, we obtain a 
dual Mukai isomorphism 

(24) # v : fljgpf, a, Z)/v iVi(M) Q . 

As the dual statement to Theorem 12.1, we obtain: 

Theorem 12.2. The Mori cone of curves in M is generated by the cone of positive curves, and 
by all curve classes 6> v (a), for all a G H* lg (X, a, Z), a 2 > —2 satisfying < (v, a) < ^- arcs? 
0-{'a).,l > 0. 

Some of these classes a may not define a wall bordering the nef cone; in this case, # v (a) is in 
the interior of the Mori cone (as it intersects every nef divisor positively). 

Theorem 12.3. The movable cone of M is cut out in Pos(M)q by the following two types of 
walls: 

(a) 9(s~ L fl v _L )/or every spherical class s G v -1 . 

(b) 9(w^ n v^) for every isotropic class w G H*^ (X, a, Z) with 1 < (w, v) < 2. 

Theorem 12.4. The effective cone of M is generated by Pos(M)q along with the following ex- 
ceptional divisors: 

(a) D := 9(s)for every spherical class s G v -1- with (D, A) > 0, and 

(b) D := 9(v 2 • w — (v, w) • v) for every isotropic class w G (X, a,Z) with 1 < 
(w, v) < 2 and (D, A) > 0. 

Note that only those classes D whose orthogonal complement D 1 - is a wall of the movable cone 
will correspond to irreducible exceptional divisors. 

The movable cone has essentially been described by Markman for any hyperkahler variety; 
more precisely, [Marl 1, Lemma 6.22] gives the intersection of the movable cone with the strictly 
positive cone Pos(M). While our methods give an alternative proof, the only new statement of 
Theorem 12.3 concerns rational classes D with D 2 = in the closure of the movable cone; such 
a D is movable due to our proof of the Lagrangian fibration conjecture in Theorem 1.5. 

Using the divisorial Zariski decomposition of [Bou04], one can show for any hyperkahler va- 
riety that the pseudo-effective cone is dual to the closure of the movable cone. In particular, 
Theorem 12.4 could also be deduced from Markman's results and Theorem 1.5. 

Proof of Theorem 12.1. Let C be the chamber of Stab(X, a) containing a. By Theorem 1.2, the 
boundary of the ample cone inside the positive cone is equal to the union of the images £(W), for 
all walls W in the boundary of C that induce a non-trivial contraction morphism. (These are walls 
that are not "fake walls" in the sense of Definition 2.17.) Theorem 5.7 characterizes hyperbolic 
lattices corresponding to such walls. 

For any such hyperbolic lattice Ti, we get a class a as in Theorem 12.1 as follows: 
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• in the cases (b) of divisorial contractions, we let a be the corresponding spherical of 
isotropic class; 

• in the subcase of (b) of a flopping contraction induced by a spherical class s, we also set 
a = s; 

• and in the subcase of (b) of a flopping contraction induced by a sum v = a + b, we may 

2 

assume (v, a) < (v, b), which is equivalent to (v, a) < \-. 

Stability conditions a = (Z,A) in the corresponding wall W satisfy 9-§^y = 0, or, equivalently, 
1(a) G ^na 1 ). 

Conversely, given a, we obtain a rank two lattice % := (v,a). If % is hyperbolic, then it 
is straightforward to check that it conversely induces one of the walls listed in Theorem 5.7. 
Otherwise, % is positive-semidefinite. Then the orthogonal complement H 1 - =v i na i does not 
contain any positive classes, and thus its image under 6 in NS(M) does not intersect the positive 
cone and can be ignored. □ 

Proof of Theorem 12.3. As already discussed in Section 10, the intersection Mov(M) n Pos(M) 
follows directly from Theorem 1.2; the statement of Theorem 12.3 is just an explicit description 
of the exceptional chamber of the Weyl group action. 

A movable class D in the boundary of the positive cone, with (D,D) = 0, automatically 
has to be rational. Conversely, by our proof of Theorem 1.5, if we have a rational divisor with 
(.D, D) = that is in the closure of the movable cone, then there is a Lagrangian fibration induced 
by D on a smooth birational model of M; in particular, D is movable. □ 

Proof of Theorem 12.4. As indicated above, the pseude-effective cone is dual to the movable cone; 
thus we just need to verify that the Theorem gives the correct description of the boundary. 

For exceptional divisors, with (D, D) < 0, this follows from our classification and construction 
of divisorial contractions. For classes with (D, D) = 0, this again follows from Theorem 1.5. □ 

Relation to Hassett-Tschinkel's conjecture on the Mori cone. Hassett and Tschinkel gave a 
conjectural description of the nef and Mori cones via interesection numbers of extremaly rays in 
[HT10]. While their conjecture turned out to be incorrect (see [BM12, Remark 9.4] and [CK12, 
Remark 8.10]), we will now explain that it is in fact very closely related to Theorem 12.2. 

We first recall their conjecture. Via the identification N\(M)q = N 1 (M)q explained above, 
the Beauville-Bogomolov extends to a quadratic form on Ni (M) with values in Q; we will also 
denote it by q( ). The following lemma follows immediately from this definition, and the defini- 
tion of 6» v : 

Lemma 12.5. Consider the isomorphism Vq = N\(M)q induced by the dual Mukai morphism 
9 V of (24). This isomorphism respects the quadratic form on either side. 

Let 2n be the dimension of M, and as above let A be an ample divisor. Let C C Ni(M)^ 
be the cone generated by all integral curve classes R £ N\(M)z that satisfy q(R) > — and 
R.A > 0. In [HT10, Conjecture 1.2], the authors conjectured that for of any hyperkahler variety 
M deformation equivalent to the Hilbert scheme of a K3 surface, the cone C is equal to the Mori 
cone. 

Our first observation shows that the Mori cone is contained in C: 
Proposition 12.6. Let R be the generator of an extremal ray of the Mori cone of M. Then 
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Proof. Note that it is enough to prove the inequality for some effective curve on the extremal ray. 
Let W be a wall inducing the extremal contraction corresponding to the ray generated by R, and 
"Hyy C H* ls (X, Z) its associated hyperbolic lattice. Let a + be a nearby stability condition in the 
chamber of a, and o"o 6 W. Let a G %w be a corresponding class satisfying the assumptions in 
Theorem 12.2: a 2 > -2 and < (v,a) < ^. 

We first claim that there exists a contracted curve whose integral class is given by # v (a). For 
simplicity we assume that W is not a totally semistable wall for any class in the general case 
can be reduced to this one with the same methods as in the previous sections. By assumptions, we 
have both a 2 > —2 and (v — a) 2 > —2; therefore, we can choose ao-stable objects A and B of 
class a and v — a, respectively. Since Hyy is hyperbolic, the assumptions also imply (a, v) < a 2 . 
Therefore, ext 1 (S, ^4) = ext 1 (A, B) = (a, v — a) > 0; in fact, in all the cases of Theorem 5.7 
we have (a, v — a) > 2. 

Assume that (/> + (a) < + (v) < </> + (v — a); the opposite case follows similarly. Varying 
the extension class in Ext x (i?,^4) produces curves of objects in M a+ (w) that are S-equivalent 
with respect to o~q ; in order to compute its class, we have to make the construction explicit. Let 
P(Ext 1 (-B, ^4)) be the projective space of one-dimensional subspaces of Ext 1 (B, A). Choose a 
parametrized line P 1 P(Ext 1 (i?, A)), corresponding to a section v of 

H (P\O{l) ® Ext 1 ^,^)) = Extpi xX (C P i M B, O p i(1) M A). 

Let £ G D^P 1 x X) be the extension O p i H B -)• £ -)• C P i(l) IE1 A given by v. By Lemma 
6.9, every fiber of £ is cr + -stable. Thus we have produced a rational curve R C M CT+ (v) of 
S-equivalent objects. 

To compute its class, it is sufficient to compute the intersection product 9(D). R with a divisor 
9(D), for any D G v x . We have 

9(D).R=(D,v($(Or)) = (D,v(B) + 2v(A)) = (D,v + a) = (13, a) = 6*(D).# v (a), 

where <£: D 6 (M CT +(v)) — >• D b (X) denotes the Fourier-Mukai transform, and where we used 
D G in the second-to-last equality. 

Let ao G H* lg (X, Z) denote the projection of a to the orthogonal complement of v. By Lemma 
12.5, we have (R, R) = a 2 ,, and for the latter we obtain: 

/ (v,a) (v,a) \ 2 (v,a) 2 v 2 n + 3 
(ao,ao)= {*-— — v ' a -— —v) = a ^>"2- T = 

□ 

Remark 12.7. When M is the Hilbert scheme of points on X, we can make the comparison to 
Hassett-Tschinkel's conjecture even more precise: in this case, it is easy to see that 9 V induces an 
isomorphism 

H* lg (X,Z)(X,Z)/v ^ N^M) 

of lattices, respecting the integral structures. Given a class R G N\(M) satisfying the inequality 
(R,R) > of [HT10], let a G be the (rational) class with 6» v (a ) = R. Let k be any 

integer satisfying k < n — 1 and k 2 > (2n — 2) (—2 — a 2 ,); by the assumptions, k = n — 1 is 
always an example satisfying both inequalities. Then a := ao + 2 n-2 w 1S a rat i° na l class in the 
algebraic Mukai lattice that satisfies the assumptions appearing in Theorem 12.2. In addition, it 
has has integral pairing with both v, and with every integral class in v -1 ; thus, it is potentially an 
integral class. The Hassett-Tschinkel conjecture holds if and only if for every extremal ray of C, 
there is a choice of k such that a is an integral class. 
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If we are given the lattice v , then the algebraic Mukai lattice of X can be any lattice in 
Q • v containing both and v, as long as v is primitive. In general, the Hassett-Tschinkel 
conjecture will hold for some of these lattices, but not for others. The question is thus closely 
related to the fact that a strong global Torelli statement needs the embedding H 2 {M) ^ H*(X), 
rather than just H 2 (M). 

13. Examples of nef cones and movable cones 
In this section we examine examples of cones of divisors. 

K3 surfaces with Picard number 1... Let X be a K3 surface such that PicpT) = Z • H, with 
H 2 = 2d. We let M := Hilb n (X), for n > 2, and v = (1,0, 1 - n). In this case, everything 
is determined by certain Pell's equations. We recall that a basis of NS(M) is given by H = 
9(0, —H, 0), the big and nef divisor given by the symmetric power of H, and B = 6(— 1, 0, 1 — n); 
the exceptional divisor of the Hilbert-Chow moiphism has class 2B. 
By Theorem 5.7, divisorial contractions can be divided in three cases: 

Brill-Noether: If there exists a spherical class s with (s, v) = 0. 
Hilbert-Chow: If there exists an isotropic class w with (w, v) = 1. 
Li-Gieseker-Uhlenbeck: If there exists an isotropic class w with (w, v) = 2. 

The case of BN-contraction depends on the following Pell's equation 

(25) (n - l)X 2 - dY 2 = 1, 

where s = (r, cH, (n — l)r), X = r and Y = c. 

The case of HC -contractions is governed by the Pell's equation 

(26) X 2 - d(n - l)Y 2 = 1, 

where w = (r, cH, (n — l)r — 1), X = 2(n — l)r — 1 and Y = 2c. 

Finally, for the case of LGU-contractions, the Pell's equation is again (26), but now w = 
(r,cH, (n — l)r — 2), X = (n — l)r — 1 and Y = c. This already gives the structure of the 
movable cone: 

Proposition 13.1. Assume Pic(X) = Z • H. The movable cone of the Hilbert scheme M = 
Hilb n (X) has the following form: 

(a) Ifd = j^(n - 1), with k,h>l, (k, h) = 1, then 

Mov(M) = {H,hH - kB), 

where q(hH — kB) = 0, and it induces a (rational) Lagrangian fibration on M. 

(b) If d(n — 1) is not a perfect square, and (25) has a solution, then 

Mov(M) = (H,H - d—^ — -B), 
xi(n — 1) 

where (xi,yi) is the non-trivial solution to (25) with smallest possible x\ > and y\ > 
0. 

(c) If d(n — 1) is not a perfect square, and (25) has no solution, then 

Mov(M) = (H,H - d^-B), 

where (x'^y'^) is the non-trivial solution to (26) with smallest possible x\ > and y[ > 
0. 
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Proof. Part (a) follows directly from Theorem 1.5. To prove part (b) and part (c), we first notice 
that (26) has always solutions. If (25) has a solution, by taking (x\, y±) the non-trivial solution 
with the smallest x\ > and y\ > 0, then an easy computation shows that the divisor on M 
associated is 

D :=H-d , Vl — B. 

x\(n — 1) 

Hence, the fact that x\ is the smallest possible, guarantees that D has the smallest slope, with 
respect to the divisors associated to the other solutions to (25). 

Since we know that a wall for the movable cone is H, which is of Hilbert-Chow type and that 
D is associated to some divisorial contractions (on a certain birational model of M), D must be 
the other wall. 

The case in which (25) has no solution follows similarly. □ 
Example 13.2. If d = n — 2, then 

~ ~ n — 2 

Mov(M) = (H, H B). 

n — 1 

To fully understand the structure of the nef cone, we start with the easy case n = 2. Consider 
the Pell's equation 

(27) X 2 - dY 2 = 5. 

The associated spherical class is s = (r, cH, r — I), X = 2r — 1 and Y = 2c. 

Lemma 13.3. Let M = Hilb 2 (X). The nef cone of M has the following form: 

(a) If (27) has no solutions, then 

Nef(M) = Mov(M). 

(b) If (27) has solutions, we let (xi, y\) be a solution with the smallest x\ > and y\ > 
even. Then 

Nef(M) = (H,H — d—B). 

Xl 

Proof. The only possibility in which the movable cone is not equal to the nef cone is if there 
is a flop induced by a spherical class. By Theorem 5.7, this happens if and only if (27) has a 
solution. □ 

Example 13.4. Let d = 31. Then the nef cone for M = Hilb 2 (X) is 

Nef(M) = (H,H-^B). 

In particular, this gives a negative answer to [CK12, Question 8.4]. 

Indeed, (27) has a the smallest solution given by x\ = 657 and y\ = 118. This gives a (— 2)- 
class s = (329, —59 • H, 328), which induces a flop, by Lemma 13.3. 

For higher n > 2 the situation is more complicated, since the number of Pell's equations to 
consider is higher. But, in any case, everything is completely determined. 

Example 13.5. Consider the case in which d = 1 and n = 7, M = Hilb 7 (X). This example 
exhibits a flop of "higher degree", in the following sense: it is induced by a decomposition v = a+ 
b, with a 2 , b 2 > 0, and it is not induced by a spherical or isotropic class. Indeed, v = (1,0, —6), 
a = (1, —H, 0) and b = (0, H, —6) give the wanted example. We also notice that the rank two 
hyperbolic lattice associated to this wall contains no spherical or isotropic classes. The full list of 
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walls in the movable cone is as follows. We consider the divisor class H — TB, for T £ Q>o- The 
walls in the movable cone of M are given by the following table: 



r 


a 


(v,a) 


Type 





(0,0,-1) 


1 


HC divisorial contraction 


1 

4 


(1,-^,2) 


4 


BN flop 


2 
7 




5 


LGU flop 


i 

... 

3 


(1,-H,0) 


6 


higher degree flop 


P. 



17 


(2,-3^,5) 


7 


fake wall 


4 
11 


(1,-2/7,5) 


1 


BN flop 


3 
8 


-(1,-3H, 10) 


4 


BN flop 


2 
5 


(l,-2#,4) 


2 


LGU divisorial contraction 



...and higher Picard number. Let X be a K3 surface such that Pic(X) = Z • £i © Z • £2- 

Example 13.6. We let M := Hilb 2 (Jf), and v = (1,0, -1). We assume that the intersection 
form (with respect to the basis £1, £2) is given by 

/28 \ 
'=(0 -4> 

Such a K3 surface exists, see [Mor84, Kov94]. We have: 

NS(M) = Z-s©NS(X), 
where s = (1,0, 1). Our first claim is 

(28) Nef(M) = Mov(M). 

Indeed, by Theorem 5.7, a flopping contraction would have to come from a class a with a 2 > —2 
and (v, a) = 1; also, the corresponding lattice % = (v, a) has to be hyperbolic, which implies 
a 2 < 0. In addition, a 2 = would correspond to the Hilbert-Chow divisorial contraction, and 
thus a 2 = —2 is the only possibility. If we write a = (r,D,r + 1) with D = a£i + b^2, this gives 

-2r(r + 1) + 28a 2 - 46 2 = -2. 

This equation has no solutions modulo 4. 

The structure of the nef cone is thus determined by divisorial contractions. These are controlled 
by the quadratic equation 

(29) X 2 - 2(7a 2 - b 2 ) = 1, 

where X = r, a = (r,D,r). For example, the Hilbert-Chow contraction corresponds to the 
solution a = b = and X = 1 to (29). Other contractions arise, for example, at a = 4, b = 2, 
X = 15, or a = 2, b = 2, X = 7, etc. The nef cone will be a non-round non-finitely generated 
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cone. Its walls have infinitely many accumulations points at the boundary of the positive cone: 
these come from solutions of 

X 2 - 2(7a 2 - b 2 ) = 0, 
corresponding to Lagrangian fibrations. 

To simplify the computations and obtain examples of a round nef (or movable) cone, we con- 
sider a twist by a Brauer class a £ Br(JT). Given X as before, we can assume that a admits a 
73-field lift B with the properties that 

S.NS(X) = and B 2 = 0. 

(See [HMS08] for more details; in particular, the fact that such K3 surface exists follows as in 
[HMS08, Lemma 3.22].) 

Example 13.7. We assume that the (twisted) intersection form on 

H% lg (X, a, Z) = NS(X) © Z • (2, 2B, 0) © Z • (0, 0, -1) 

takes the form 

/4 0\ 
0-400 
Q ~ 2' 
\0 2 0/ 

Consider the primitive vector v = (0,£i,0), and let M := M#(v) be the moduli space of a- 
twisted ff-Gieseker semistable sheaves on X, for H a generic polarization on X. Then: 

(a) Nef(M) = Mov(M); 

(b) Nef (M) is a rational circular cone. 

To prove the above statements, observe that v 2 = 4 and (v, a) £ 4Z for all a G iJ* lg pf, a, Z). 
According to Theorem 5.7, the only possible wall in this situation would be given by a Brill- 
Noether divisorial contraction, coming from a spherical class s 6 v 1 -. But the above lattice 
admits no spherical classes, and thus there are no walls. 

Thus the nef cone and the closure of the movable cone are both equal to the positive cone. Since 
M obviously admits Lagrangian fibrations, the cone is rational. 

Modifying slightly the previous example, we obtain a moduli space with circular movable cone 
and locally polyhedral nef cone: 

Example 13.8. We assume that the (twisted) intersection form on 

H^iX, a, Z) = NS(X) © Z • (3, W, 0) © Z • (0, 0, -1) 

takes the form 

/6 0\ 
0-600 
q ~ 3" 
\0 3 0/ 

Consider the primitive vector v = (0, £i, 1), and let M := Mff(v). Then: 

(a) Nef(M) is a rational locally-polyhedral cone; 

(b) Mov(M) is a rational circular cone. 
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Indeed, (b) follows exactly as in Example 13.7: there are no spherical classes, and, for all 
a G H*i s (X,a,1t), (a, v) G 3Z. However, flopping contractions are induced by solutions to the 
quadratic equation 

a 2 - b 2 - 2as + s = 0, 

where we set D = a£% + b^2, and a = (3(2a — 1), a£i + 6^2 + 3(2a — 1)B, s). This has infinitely 
many solutions. It is an easy exercise to deduce (a) from this. 

14. The geometry of flopping contractions 

One can also refine the analysis leading to Theorem 5.7 to give a precise description of the 
geometry of the flopping contraction associated to a flopping wall W. 

As in Section 5, we let do G W be a stability condition on the wall, and a + ^ W be sufficiently 
close to (To- For simplicity, let us assume throughout this section that the hyperbolic lattice Tiw 
associated to W via Definition 5.2 does not admit spherical or isotropic classes; in particular, W 
is not a totally semistable wall for any class a G Ti, and does not induce a divisorial contraction. 

Let be the set of unordered partitions P = [aj], of v into a sum v = ai + • • • + a m of positive 
classes a» G %. We say that a partition P is a refinement of another partition Q = [bj] j if it can be 
obtained by choosing partitions of each bj. This defines a natural partial order on with P -< Q 
if P is a refinement of Q. The trivial partition as the maximal element of *p. 

Given P = [a*]* G *p, we let M P C M CT+ (v) be the subset of objects E such that the Mukai 
vectors of the Jordan-Holder factors of E with respect to o"o are given by a^ for all i. Using 
openness of stability and closedness of semistability in families, one easily proves: 

Lemma 14.1. The disjoint union M a+ (v) = ]Jp g rp Mp defines a stratification of M a+ (v) into 
locally closed subsets, such that Mp is contained in the closure of Mq if and only ifP^Q. 

In addition, our simplifying assumptions on 'Hw gi ye the following: 

Lemma 14.2. Assume that P = [ai , a2] is a two-element partion of v. Then Mp C M a+ (v) is 
non-empty, and of codimension (ai,a2) — 1. 

Proof. Since v is primitive, we may assume that ai has smaller phase than a2 with repsect to a + . 
By assumption on 7-Lw and by Theorem 2.13, the generic element Ai G M a+ (a^) is o^-stable for 
i = 1,2. In particular, Hom(^4i, A2) = Hom(A2, A\) = 0, and therefore dimExt 1 (A2, A\) = 
(ai,a2). By [BM11, Lemma 5.9], any non-trivial extension A% E -» A2 is <r + -stable. Using 
Theorem 2.13 again, one computes the dimension of the space of such extensions as 

a? + 2 + &l + 2 + (ai, a 2 ) - 1 = v 2 + 2 - ((ai, a 2 ) - 1) . 

□ 

For P as above, the flopping contraction ir + contracts Mp to the product of moduli spaces 
M**(ai) x M**(a2) of ao-stable objects. The contracted locus of ir + is the union of Mp for 
all non-trivial partitions Mp. In particular, when there is more than one way to write v as a sum 
of two positive classes, our stratification is only partially ordered; this leads to a generalization 
of Markman's notion of stratified Mukai flops introduced in [MarOl] (where the stratification is 
indexed by a totally ordered set). 

For any given m G Z>o, one can easily construct examples where the locus contracted by 7r + 
has m irreducible components: by Lemma 14.2, this is equivalent to constructing a lattice % such 
that v can be written as a sum v = ai + a2 in exactly m different ways: 
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Example 14.3. Choose M 3> m for which x 2 + Mxy + y 2 = — 1 does not admit an integral 
solution. We define the symmetric pairing on % = Z 2 via the matrix , and let v = 

1 



m — 1 



. The positive cone is the open cone containing the upper right quadrant that is bordered 



by the lines of slopes approximately — i and — M. Since M > m (in fact, M > 2m is enough), 
any partition of v into positive classes is in fact a partition in Z 2 . Therefore, the two-element 

partitions are given by v = + ^ ^\ for < A; < m — 1. There is a unique minimal 

partition Q, given by v = + (m — 1) . The corresponding stratum Mq is contained in 
the closure of any other stratum. 

Similarly, one can construct flopping contractions with arbitrarily many connected components: 
Example 14.4. Let m be an odd positive integer. Choose M S> m and define the lattice % by the 
matrix The P osmve cone nes between the lines of slope approximately +jj and 

—M. We let v = (^^j • summan d in a partition of v must be of the form ^\ with x > 
and y > 0, and therefore y = 1. Besides the trivial element, the only partitions occurring in ^ are 

j ,forO</c<Y- Each corresponding strata M^ fc 
is one connected component of the exceptional locus of 7r + . 

Remark 14.5. To show that the lattices % as above occur as lattice associated to some wall Tiw 
on some K3 surface, we only have to find a K3 surface X such that % embeds into its Mukai 
lattice H* lg (X, Z). In particular, we may choose Pic(X) = %, and the class v to be of the form 
v = (0, c, 0) for a corresponding curve class c. In particular, Example 14.3 occurs in a relative 
Jacobian of curves on special double covers X — > P 2 , and Example 14.4 in special quartics 
X C P 3 . This wall-crossing already occurs for Giesker stability with respect to a non-generic 
polarization H. The morphism 7r + contracts sheaves supported on reducible curves C = C\ U C2 
in the corresponding linear system; it forgets the gluing data at the intersection points C\ n C2. 
The flopping transformation preserves the Lagrangian fibration given by the Beauville integrable 
system. 

15. Le Potier's Strange Duality for isotropic classes 

In this section, we will explain a relation of Theorem 1.5 to Le Potier's Strange Duality Con- 
jecture for K3 surfaces. We thank Dragos Oprea for pointing us to this application. 

We first recall the basic construction from [LP05, MO08]. Let (X, a) be a twisted K3 surface 
and let a £ Stab(X, a) be a generic stability condition. Let v, w G (X, a, Z) be primitive 
Mukai vectors with v 2 , w 2 > 0. We denote by L w (resp., L v ) the line bundle Om ct (v)( — #v(w)) 
(resp., Mct(w) (-6» w (v))). We assume: 

• (v, w) = 0, and 

• for all E e Af ff (v) and all F G M (7 (w), Hom 2 ( J E, F) = 0. 
Then the locus 

= {(E, F) G M CT (v) x M CT (w) : Hom(£,F) / 0} 
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gives rise to a section of the line bundle L v w := L w M L v on M CT (v) x M CT (w) (which may or 
may not vanish). We then obtain a morphism, well-defined up to scalars, 

SD: H°(M a (v),L w ) v — ► H°(M a (w),L v ). 

The two basic questions are: 

• When is h°(M a (v),L w ) = h°(M a (w),L v )1 

• If equality holds, is the map SD an isomorphism? 

We answer the two previous questions in the case where one of the two vectors is isotropic: 

Proposition 15.1. Let (X, a) be a twisted K3 surface and let a G Stab(X, a) be a generic 
stability condition. Let v, w G H*^(X, a, Z) be primitive Mukai vectors with (v, w) = 0, v 2 > 2 
and w 2 = 0. 

We assume that -0 v (w) G Mov(M CT (v)) and -6> w (v) G Nef(M (r (w)). Then 

(a) h°(M a (y),L w ) = h°(M a (w), L v ), and 

(b) the morphism SD is either zero or an isomorphism. 

Proof. Let Y := M CT (w). By [Muk87a, Cal02, Yos06], there exist an element j3 G Br(Y) and 
a derived equivalence <£: D b (X, a) ^> D 6 (Y, Replacing (X, a) by (Y, /3), we may assume 
that w = (0, 0, 1) and v = (0, D, s), for some s £ Z and D G NS(X), and that X = M„(w) 
is the moduli space of skyscraper sheaves. Moreover, D = — w (v) G Nef(X) is effective, by 
assumption. By stability and Serre duality, for all E G M CT (v) and all x G X, Hom 2 (E, k(x)) = 
Hom(k(x), E) v = 0, and the locus gives a section of L w M L v . 

By Remark 11.5, there exists a chamber in the interior of the movable cone Mov(M (T (v)) 
whose boundary contains — 8 v (w). Moreover, there exist a polarization H on X and a chamber 
Cqo G Stab(X, a) such that ^(Cqo) = £oo, M#(v) = Mc^fV), and the Lagrangian fibration 
induced by w is the Beauville integrable system on M# (v). 

The argument in [MO08, Example 8] shows that h°(M H (v),L w ) = h (X,O(D)) and the 
morphism SD is an isomorphism. Since M#(v) is connected to M CT (v) by a sequence of flops, 
which do not change the dimension of the spaces of sections of L w , we obtain immediately (a). 

To prove (b), we need to study the behavior of the morphism SD under wall-crossing. We pick a 
stability condition G Coo. Both a and belong to the open subset U(X, a) of Theorem 2.7. 
By Theorem 10.2, we can find a path in U(X, a) connecting a and which crosses only fake 
or flopping walls with respect to v. If it crosses no totally semistable walls, then the morphism 
SD is compatible with the wall-crossing; since it induces an isomorphism at (Too, it induces an 
isomorphism at a. 

Assume instead that there is a totally semistable wall. We write a = a w «. The straight path 
from (Too to (Jtui^, for t » 0, corresponds to a change of polarization for Gieseker stability, and 
thus does not cross any totally semistable wall. Therefore, we may replace <Too with p, for 
t > 0. 

We claim that all objects E in M CT (v) must be actual complexes, with rk(H°(E)) > 0. Indeed, 
if there exists a sheaf E in M CT (v), then the generic element is a sheaf. Moreover, since D is nef 
and big, it is globally generated, and we can assume that the support of E is a smooth integral 
curve. Stability in U(X, a) for torsion sheaves implies, in particular, that the sheaf is actually 
stable on the curve. But then E would be stable for t — > oo. This shows that we crossed no totally 
semistable wall. 

Hence, since E is an actual complex, Hom(£', k(x)) ^ 0, for all x G X. This shows that is 
nothing but the zero-section of L v w and the induced map SD is the zero map. □ 
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By applying the previous proposition to stability conditions near the large volume limit, we 
deduce the corresponding strange duality statement for moduli of stable sheaves (with respect to 
a generic polarization on X). 

Example 15.2. Let X be a K3 surface such that Pic(Jf) = Z • H, with H 2 = 2. Let v = 
(1,0, —1) and w = —(1, —H, 1). Consider a stability condition (Too = <JtH-iH, for i > 0. Then, 
as observed in [Bea99, Proposition 1.3], Hilb 2 (X) = M CToo (v) admits a flop to a Lagrangian 
fibration induced by the vector w. The assumptions of Proposition 15.1 are satisfied. In this case, 
for all E[l] £ M aoo (w), E I pt (-H), and for all F £ Hilb 2 (X), we have Hom(J r , E[l]) / 0. 
Hence, the map SD is the zero map. 

The following example shows that the assumption in Proposition 15.1 is necessary: 

Example 15.3. Let X be a K3 surface with NS(X) = Z • C\ © Z • C 2 and intersection form 




We assume the two rational curves C\ and C 2 generate the cone of effective divisors on X. Let 
v = (0, 3Ci + C 2 , 1) and w = (0, 0, 1). Then v 2 = 4. Pick a generic ample divisor H on X. We 
have 

i?°(M H (v),0 v (w)) = C© 4 . 
Indeed, for example, one can argue by flopping at the spherical vector (0, C±, 0). Then we have a 
birational map M# (v) — ■* Afe(v'), where v' = (0, C\ + C 2 , 1) and a chain of isomorphisms 

H°(M H (v),e v (w)) H (M H (v'),e v ,(w)) * H°{P 3 ,0 ¥3 (l)) C® 4 . 

On the other side, we have 

H°(M H (w),9 w (-v)) H°(X, O x (Sd + C 2 )) ^ C© 5 . 

The last isomorphism follows from the exact sequence 

-> O x (2Ci + C 2 ) -> Ox(3Ci + C 2 ) O p i(-2) 0, 

since Ox(2Ci + C 2 ) is big and nef and thus has no higher cohomology. 
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